ON MOCKOR’S QUESTION

B. G. KANG AND M. H. PARK

ABSTRACT. For certain classes of Priifer domains A, we study the completion
AT of Awith respect to the supremum topology T = sup{7Ty|w € Q}, where Q
is the family of nontrivial valuations on the quotient field which are nonnegative
on A and 7, is a topology induced by a valuation w € Q. It is shown that
the concepts ‘SFT Priifer domain’ and ‘generalized Dedekind domain’ are the
same. We show that if E is the ring of entire functions, then E>7T is a Bezout
ring which is not a T-Priifer ring, and if A is an SFT Priifer domain, then
AT is a Priifer ring under a certain condition. We also show that under the
same conditions as above, A7 is a 7-Priifer ring if and only if the number of
independent valuation overrings of A is finite. In particular, if A is a Dedekind
domain (resp., h-local Priifer domain), then AT is a T-Priifer ring if and only
if A has only finitely many prime ideals (resp., maximal ideals). These provide
an answer to Mockor’s question.

1. INTRODUCTION

Let A be an integral domain with quotient field K and let 2 be the family of
nontrivial valuations on K which are nonnegative on A. A valuation w € € with the
value group G,, induces a topology 7, on K with the sets Uy, o = {z € K|w(z) >
a}, a € Gf = {B € Gy|B > 0}, as a base of zero neighbourhoods in K. It is well
known that the completion K-7» of K with respect to the topology 7T, is a field and
the extension @ of w on K7 is a valuation on K-7*[?]. Let R,, be the valuation

= Tu
ring of w, i.e., Ry, = { € K|w(xz) > 0} and let R,, = denote the completion of R,,
with respect to the subspace topology induced by 7,,. Bourbaki also showed that

—~ Ty

R, = Ry, the valuation ring of w, and G,, = G, the value group of w.

In this paper we consider a more general situation. Let 7 = sup{T,|w € Q},
ie., 7 is the topology with the set {U,olw € Q,a € GJ} as a subbase of zero
neighbourhoods in K. Let A7 be the closure of A in KT the completion of K
with respect to the 7-topology. In view of [?, 11.3.4, Proposition 8], A7 = AT,
which is the completion of A with respect to the subspace topology on A. In [Mo],
Mockor studied the ring A:7 for a Priifer domain A. He presented some sufficient
conditions for A'7 to be a Priifer ring, and equivalent conditions for AT to be a
T -Priifer ring (see Section 8). However he left it an open question if there exists a
Priifer domain A such that A7 is not a 7-Priifer ring or such that AT is a Priifer
ring but not a T -Priifer ring.

The purpose of this paper is to construct examples to Mockor’s question by
studying certain classes of Priifer domains such as h-local Priifer domains, the ring
of entire functions, and SFT Priifer domains (Section 5, 6 and 7). In particular, in
dealing with an SFT Priifer domain, we will use the following results[?, Theorem
15 and Corollary 17] (although it is stated for finite-dimensional A, its proof is
also valid for the infinite-dimensional case). If A is an SFT Priifer domain and
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I a proper ideal of A, then the I-adic completion A is an SFT Priifer ring, and
moreover if /T is a prime ideal, then A is an SFT Priifer domain and Spec(A!) =
{(0)} U{QT|Q € Spec(A) and Q D I}, where Q' is the I-adic completion of Q.

Section 2 : In the literature there are two important classes of Priifer domains,
one is the class of SFT Priifer domains introduced by Arnold in 1972([?]) and
the other is the class of generalized Dedekind domains introduced by Popescu in
1984([?]). Each of them has a good book that deals with it([?, ?]). We show
that an integral domain is an SF'T Priifer domain if and only if it is a generalized
Dedekind domain. We believe that this result will facilitate the research on SFT
Priifer domains or generalized Dedekind domains. So far only a few examples of
SFT Priifer domains have been given. Facchini’s existence theorem([?, Theorem
5.3]) for generalized Dedekind domains thus provides many examples of SFT Priifer
domains.

Section 3 : Let C be the set of all maximal chains of nonzero prime ideals of
an integral domain A and let C,, € C. We introduce the C,-topology and the C-
topology, which is the supremum of the C,-topologies. We consider three kinds of
topologies on an integral domain A, namely the 7-topology, the ideal-adic topology,
and the C-topology. We investigate the relation between these topologies on an SFT
Priifer domain. In a particular situation, one topology is more useful than the others
in studying the completion of a Priifer domain.

In section 4, we study the completions of a Priifer domain A with respect to
the 7-topology and the C-topology and show that AT HwEQo ATw and A€ =~

[Toca ACa where € is a family of independent valuations that are positive on A
and whose equivalence classes constitute the set of all equivalence classes of €2, and
{Cy}aen is a representing family of the independent maximal chains in Spec(A)*.

In section 5, we give a short survey on the completion of an h-local Priifer
domain.

In section 6, we show that the ring F of entire functions has the completion ET
which is a Bezout ring but not a T-Priifer ring. We show that for a Priifer domain
A, A’CO‘ = liﬂlpecu A’P.

Section 7 : For C, € C, we introduce the Jacobson radical J(Cy) of Cy. Tt
is shown that A= is an SFT Priifer domain for an SFT Priifer domain 4 and
a maximal chain C,, with nonzero Jacobson radical. In this case, Spec(AC~) =

{(0)} U {J/DB’CQ|P0 € Spec(A)* and Py contains some P € C,}. If in addition
J(Cy) # {0} for all C, € C, then A7 is a Priifer ring.

It is well-known that for a Noetherian domain A and aq,--- ,a, € A, A(a1an)
>~ A[Xy, -, X,]/(X1 — a1, , X — an). We show that it also holds for an
SFT Priifer domain A. As a corollary we obtain that (X; — a1, -+, X, — ayp)
is a radical ideal of A[Xy,---,X,] and that (X; —ay, -+, X, — a,) is a prime
ideal of A[Xy,---,X,] < (a1, ,ay) is a prime ideal of A < A is analyt-
ically irreducible with respect to (a1,---,ay). An interesting result is that for
an SFT Priifer domain A, a prime ideal P of A, and a1, - - ,a, € A, we have
AlXy, - Xalpyrx e x/(Xi—an, -+ Xp—an) = Ap[Xy, -, Xo]/(Xi—ay, -+
, Xn — ap).

In section 8, constructing examples, we give answers to Mockor’s question.
Namely we show that (1) the completion A7 of an h-local Priifer domain is a
T-Priifer ring < |Maxz(A)| < oo, (2) the completion E'7 of the ring E of entire
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functions is not a 7-Priifer ring, (3) the completion D'7 of a Dedekind domain is
a T-Priifer ring < |Spec(D)| < oo, and (4) the completion A7 of an SFT Priifer
domain with J(C,) # {0} for all maximal chains C, is a 7-Priifer ring < there
exist only finitely many independent valuation overrings of A. In the cases (1), (3),
and (4), every nonminimal prime ideal of AT is of the form P'7, where P is a
nonzero prime ideal of A.

Throughout this paper A will be a Priifer domain with quotient field K unless
otherwise specified. For undefined terms and notation the reader is referred to
[?, 7, ?]. We would like to mention that to make this paper self-contained and for
the sake of easy reference, we will sometimes paraphrase known results.

2. SFT PRUFER DOMAINS AND GENERALIZED DEDEKIND DOMAINS

Let A be a commutative ring with identity and I an ideal of A. The ideal I will
be called an SFT-ideal (an ideal of strong finite type) provided there exist a finitely
generated ideal J C I and a positive integer k such that a* € J for each a € I. If
each ideal of A is an SFT-ideal, then we say that A is an SFT-ring. This concept
was introduced by Arnold in 1972([?]). It plays an important role in dealing with
the formal power series ring. For example, Arnold has shown in [?, ?] that if A is
not an SFT-ring, then dimA[X] = oo, and if A is a finite-dimensional SFT Priifer
domain, then dimA[Xy,---,X,] = ndimA + 1. For other results on SFT Priifer
domains, see [?, 7,7, 2,7, 2,7, 7.

Since in this paper we are primarily concerned with an SF'T Priifer domain, we
list here some properties of an SFT-ring.

Proposition 2.1. [?, Proposition 2.2 and 2.5, Corollary 2.7] Let A be a commuta-
tive ring with identity.
(1) A is an SFT-ring if and only if each prime ideal is an SFT-ideal.
(2) An SET-ring A has a Noetherian prime spectrum. In particular, each ideal
of A has only finitely many minimal prime divisors.
(3) If P is a nonzero SET prime ideal of an integral domain, then P # P2,

An integral domain is called a valuation domain if for each nonzero element a
and b, a divides b or b divides a. An integral domain A is called a Priifer domain
if for each maximal ideal M of A, A, is a valuation domain.

Proposition 2.2. [?, Proposition 3.1] In order for the Prifer domain A to be an
SFT-ring, it is necessary and sufficient that for each nonzero prime ideal P of A,
there exists a finitely generated ideal I such that P2 C I C P.

In 1984, 12 years after Arnold had invented the concept ‘SFT Priifer domain’, N.
Popescu[?] introduced the concept of a generalized Dedekind domain. He defines
a generalized Dedekind domain to be a Priifer domain A on which for every two
distinct localizing systems Fy and Fs, Ap, # Ap,. Then he obtains the following
result.

Proposition 2.3. [?, Theorem 2.5] Let A be a Prifer domain. The following
assertions are equivalent.

(1) A is a generalized Dedekind domain.
(2) If P is a nonzero prime ideal of A, then P # P? and P is the radical of a
finitely generated ideal.
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Apparentely these two concepts were not realized to be the same. We prove that
they are in fact the same.

Theorem 2.4. The concepts ‘SF'T Priifer domain’ and ‘generalized Dedekind do-
main’ are the same.

Proof. 1t is clear that every SFT Priifer domain is a generalized Dedekind do-
main (Propositions ??(3), ?? and ??). Conversely let A be a generalized Dedekind
domain and P a nonzero prime ideal of A. Then P # P2 and P = +/I for some
finitely generated ideal I. Choose a € P\ P2. Put J = (I,a). Then J is finitely
generated, P = v/J and J ¢ P?. Since for each maximal ideal M of A, Ay is
a valuation domain and P? is a P-primary ideal, P2A,; C JAy; € PAjp;. Thus
P2 C J C P locally and hence globally. Thus these two concepts are the same. [

So we can use Fontana, Huckaba, Popescu, and Facchini’s results on the gener-
alized Dedekind domains in dealing with the SF'T Priifer domains. In particular,
using the following existence theorem due to Facchini, we can obtain a lot of exam-
ples of SF'T Priifer domains with the prime spectrum satisfying suitable conditions
which we want.

Recall that a tree is a partially ordered set (X, <) with the property that for
every x € X the set B, = {y € X|y < z} is a chain (i.e., a totally ordered set); it is
Noetherian if every ascending chain z; < x5 < --- of elements of X is stationary.

Theorem 2.5. [?, Theorem 5.3] Let X be a partially ordered set. The following
statements are equivalent:

(1) X is a Noetherian tree with a least element.
(2) There exists a generalized Dedekind domain A whose prime spectrum (SpecA,
Q) is order isomorphic to X.

3. TOPOLOGIES

Let A be a Priifer domain with quotient field K. There are several kinds of
topologies which make A a topological ring. The I-adic topology, where I is a
proper ideal of A, is the topology with the set {I™|n = 1,2,---} as a base of
zero neighbourhoods in A. The A-topology is the topology with the ideals aA,
a € A*(= A\ {0}), as a base of zero neighbourhoods in A. Let Q(A) be the
family of nontrivial valuations on K which are nonnegative on A. A valuation
w € Q(A) with the value group G,, induces the topology 7,, on K with the sets
Upa = {z € Klw(z) > a}, a € G, = {8 € G,|B > 0}, as a base of zero
neighbourhoods in K. We can give A the subspace topology of K. We shall call
this topology the 7y,-topology on A. We denote by P(w) the center of the valuation
ring R,, of w on A.

Lemma 3.1. Let w € Q(A) be a valuation with valuation ring Ry,. Then for each
a € G, there exists a € A* such that o = w(a), and hence Uy o = aP(w)Ap(y).

Proof. Since A is a Priifer domain, R, = Ap(y), and so this is clear. O

Now let 7(A) = sup{Ty|w € Q(A)}, i.e., T(A) is the topology on K with the
set {Up,a|w € Q(A), 0 € Gt} as a subbase of zero neighbourhoods in K. We shall
call the subspace topology on A induced by this topology the 7 (A)-topology on A.
If there is no ambiguity, we will use Q and 7 instead of 2(A) and 7 (A).
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Let Spec(A)* denote the set of all nonzero prime ideals of A. Then (Spec(A4)*, Q)
is a partially ordered set. Let C,, be a chain in Spec(A)*. We define the C\,-topology
to be the topology on A with the ideals P*, P € C,,n =1,2,---, as a base of zero
neighbourhoods in A.

Now let C be the set of maximal chains of Spec(A)*. We define the C-topology
to be the topology with the set {P"|P € C, € C,n=1,2,---} as a subbase of zero
neighbourhoods in A.

We want to compare these topologies with each other.

Recall that an integral domain A is said to be h-local if every nonzero element
of A is contained in only finitely many maximal ideals, and if every nonzero prime
ideal of A is contained in only one maximal ideal. Using Lemma 77?7, we give an easy
proof that the 7-topology and the A-topology are the same in an h-local Priifer
domain A.

Lemma 3.2. [?, Lemma 13] Let A be an h-local Prifer domain. Then the T -
topology on A is the same as the A-topology.

Proof. Let w; € Q, oy € G, Then there exists a; € A* such that Uy, ., =
alP(wl)Ap(wl) Now le,alﬂ' . ‘ﬂmeanmA = alp(wl)Ap(wl)ﬂ- . -ﬂanP(wn)Ap(wn
NADag---a,A. Conversely, let a € A*. Then since A is h-local, there exists only

—

a finite number of maximal ideals My, -- , M,, of A such that a € M;. Let w; be
the valuation corresponding to the valuation domain Ay, i = 1,2,--- ,n. Then
aA = ﬂMEMa;E(A) aAM = m?zl(aAMi N A) 2 m?:l(aMZAMz N A) = Uw17w1(a) N
~'~ﬂmewn(a) N A. O

Let P be a prime ideal of A. We denote by htP the height of P, i.e., the
supremum of the length of chains of prime ideals contained in P.

Lemma 3.3. Let A be a Priifer domain such that no minimal prime ideal is idem-
potent if there is any. Then the T -topology on A is the same as the C-topology.

Proof. Let w; € Q, a; € G$ Then there exists a; € A* such that Uy, o, =
aiP(wi)AP(wi), 1=1,2,--- n. If a; & P(w;), then aiP(wi)Ap(wi) = P(wl)AP(wl)
Assume that a; € P(w;). Then \/a;Apq,,) = QiAp(w,) for some nonzero prime
ideal @; contained in P(w;). If htQ; > 1, then choose a nonzero prime ideal
Q; properly contained in @Q;. Then by [?, Theorem (17.1)(5)], there exists k; €
N such that Q;kiAp(wi) Q aiAp(wi). Hence Q;kﬁ_lAp(wi) g aiP(wi)Ap(wi). If
htQ; = 1, then Q; # Q%. By [?, Theorem (17.3)], there exists k; € N such that
inAp(wi) C a;Ap(w,;)- Hence inHAp(wi) C a; P(w;)Ap(w,). Thus in either case,
there exist @Q; € Spec(A)* contained in P(w;) and k; € N such that Uy, o, N+ N
Uw,,an NA D Qlfl N---NQk». Conversely, suppose Q; € Spec(A)*, k; € N. Choose
a€ Q" n...nQk \ {0}. Let w; be the valuation corresponding to Ag,. Then,
QYN NQE =QV Ag, N---NQkAg, NADaQiAg, N---NaQ,Ag, NA =
le,wl(a) n---N mewn(a) NA. O

Let E be the ring of entire functions. It is well known that F is a Bezout domain,
i.e., every finitely generated ideal of E is principal. Henriksen[?] has shown that
if M is a maximal fixed ideal, then M is principal and htM = 1 and if M is a
maximal free ideal, then htM = co. In fact, if P is an any prime free ideal of F,
then htP = co. Thus since E satisfies the conditions in Lemma 7?7, the 7-topology
on F is the same as the C-topology.
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Lemma 3.4. Let A be an SFT Priifer domain. Then the T -topology on A, the
A-topology, and the C-topology coincide.

Proof. Let w; € Q, oy € G$ Then there exists a; € A* such that Uy, o, =
a;iP(w;)Ap(w,).  Thus Upyap N - N Uwpa, NA = a1P(w1)Ap,) N -+ N
anP(wn)Apw,) VA D ay---apA. Now let a € A*. Since A is an SFT Priifer
domain, by Proposition ??(2), (a) has only finitely many minimal prime divisors,
say, Pp,---, P,. Thus we have \/® =P nNn---NnP, =P, ---P,. By Proposition
??, there exists k € N such that (a) 2 (P --- P,)* = PFn---N Pk, Finally, given
P; € Spec(A)* and k; € N, choose a € P N---NPF\{0}. Let w; be the valuation
corresponding to Ap,. Then PF'n...A Pk = PP Ap n---nPAp NA D
aPiAp, N+ NaP,Ap, N A = Uy wi(a) N " N U, i, (a) N A. Thus these three
topologies coincide. O

4. COMPLETIONS

Let X be a topological ring. X is said to be complete if every Cauchy filter
converges. For details, see [?].

Definition 4.1. A completion of X is a pair (X, f), where X is a Hausdorff com-
plete topological ring and f : X — X is a continuous homomorphism satisfying the
following conditions:

(a) Ker f = {0}, the closure of {0} in X,

(b) The quotient topology of f(X) coincides with the topology induced by X,

(¢) f(X)is dense in X.

It is well known that a completion exists and is unique in the following sense.
Let (X, f), (Y,g) be two completions of X. Then there is a unique isomorphism
¢ : X — Y which is also a homeomorphism such that po f = g[?]. Henceforth, we
shall say that X is the completion of X and f is the canonical mapping of X into
its completion.

Now we wish to consider the completions of a Priifer domain A with respect to
the topologies defined in section 3.

Recall that for v,w € Q, v and w (or R, and R,,) are said to be independent if
there exists no nontrivial valuation overring containing both R, and R,,. Otherwise,
v and w are said to be dependent. We say that a subset Q of O is independent
if every two elements of Q are independent. We have the following approximation
theorem for independent valuations. To make this paper self-contained, we state
and prove the following well-known result.

Proposition 4.2. [?, Proposition 24] Let A be a Prifer domain. Let wy,wa,---
wy, € Q be independent valuations with the value groups Gy, ,Guwsy, -, Guw, , T€-
spectively. Gien 31 € G, ,--,0p € G and ty,--- ,t, € A, there exists t € A
such that wi(t —t;) = F;, i =1,2,--- ,n.

Proof. Let I; = {x € Alw;(x) > B;}. Then I, is a nonzero proper ideal of A such
that I; = I; Ap(w,) NA. Since Ap(y,) is a valuation domain, /I; Ap(w,) = QiAp(w,)
for some nonzero prime ideal @; contained in P(w;). So VI; = 4 [IiAp(w,) N A=
V09iApuw,) N A= Q;. Since wy,- - ,w, are independent, I,--- , I, are relatively
prime. Suppose not. Then there exist i # j and a maximal ideal M of A such that
Ii+I; € M. It follows that /I; + \/I; € M, i.e, Qi +Q; C M. Since A is a
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Priifer domain, @; and (); are comparable. Assume that ; C @;. Then Ag, is a
nontrivial valuation overring containing both Ap(,,) and Ap(,,), a contradiction.
Applying the Chinese remainder theorem, we can find y € A such that y —¢; € I;,
Le., wi(y —t;) > fi, i =1,2,--- ,n. Since §; € Gif, and Ry, = Ap(y,), there exist
x; € A such that w;(x;) = 6;, ¢ = 1,2,--- ,n. Applying the Chinese remainder
theorem again, we can find d € A such that d — z; € I, ie., wi(d — x;) > 0,
i =1,2,--- ,n. Note that w;(d) = w;(z; + (d —x;)) = B, i = 1,2,-+- ,n. Put
t=d+y€A Then w;(t —t;) =wi(d+ (y—t;)) =0, i=1,2,--- ,n. O

Define an equivalence relation ~ on the family 2 by v ~ w if and only if v and
w are dependent. Let Q4 be a family of representatives of the equivalence classes.

Lemma 4.3. 7 = sup{7,|w € Q} = sup{T,|w € Q}.

Proof. Let w € Q, @ € Gf. Then by Lemma 77, there exists a € A* such that
Uw,a = aP(w)Ap(y). Let v € Qo be the valuation that is dependent on w. Then
there exists a nonzero prime ideal @) such that Ag is a valuation overring containing
both Ap(,) and Ap(,). So we have Uy o = aP(w)Apw) 2 aQApw) = aQAqg =
aQAp(y) 2 abApy) 2 abP(v)Apy) = Uy y(ap) for any element b € Q \ {0}. O

Let w be a valuation on the field K. Then by Lemma ??, the 7 (R,, )-topology on
K is the same as the 7,,-topology on K. Bourbaki considered the completion KTw
of K with respect to the topology 7,,. Since we will often use results in Bourbaki,
we include some of them here for easy reference.

Let G, be the value group of w. Define on the set G;j = Gy U {oo} a topology
by setting X (=the closure of X)=X U {oc} for every nonempty subset X of G,
and @ = @. Then clearly w : K — G;U is continuous and hence it induces the
continuous extension @ : K-7v — G/w.

Theorem 4.4. [?, V1.5.3, Proposition 5] Let K be a field and w a valuation on K.
Then we have the following statements.

(1) KTv is a topological field.

(2) The continuous extension W of w to KT is a valuation and Gy = Gy,

(3) The topology on KTw s the topology with the set {Up,ala € Gi} as a base

of zero neighbourhoods in Ko,

(4) Up,a = Uy,a, the closure of Uy o in KT,

(5) Ry = Ry, the completion of R, with respect to the T,,-topology on R,,.

(6) K'7* = Rug.\(0)-

Tw

—~ T . .
Corollary 4.5. Spec(R,, ") = {Q7*|Q € Spec(Ry)}, where Q7 is the comple-

tion of Q with respect to the subspace topology induced by R.,.
Proof. Let @ € Spec(R,,)*. We give @ the subspace topology, and R,,/Q the
quotient topology induced by R,,. Then since these are linear topologies, by [?,
R T, — Tu A —
Theorem 8.1],0 — Q7 — R, " — R,,/Q is exact, so that R,,” " /Q 7 — R, /Q
naturally. Since R, is a valuation domain, by Lemma ?? and Lemma 77?7, 7-
topology on R, =7,-topology on R, =R,-topology. Since @ # (0), @ is open in
R, and then R,,/Q has the discrete topology, so that R, /Q = R,,/Q. Thus we

T, A ~ T A
have R, /Q7» — R,/Q. Since the embedding is clearly onto, R, /Q7» =
. —~ T R

Ry,/Q. Thus Q7 is a prime ideal of R, such that Q7 N R, = Q for each
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Q € Spec(R,)*. From Theorem ?7(2) and [?, Corollary (17.9)], the conclusion
follows : Let Qo € Spec(é;) = w(zﬁ \ Qo) = w(Ry \ Q) = ziz(é; \ Q) for some
Q € Spec(Ry) = Qo = Q. O

We denote by (A,7), (A,7,) the topological space A with the topologies 7,
7., respectively. Let us denote by AT, A7Tv the completions of (A7), (A, Ty),
respectively.

Proposition 4.6. A7 =~ [Tuea, AT,

Proof. Since ATw i a Hausdorff complete topological ring, by [?, I1.3.5, Propo-
sition 10], so is the product space [],cq, ATo. Let fo, : (A, T,) — ATv be the
canonical mapping. Then by Lemma 7?7, the mapping f = Hweﬂo fw: (AT) —
[Tuea, ATv defined by a — [leq, fuw(a) is a continuous homomorphism and ob-
viously the conditions (a) and (b) in Definition ?? are satisfied. Now we claim
that f(A) is dense in [[,cq, ATw. Since (A,7T,) and (A,T) are Hausdorff, we
may identify (A, 7,,) with f,,(A), and (A,7) with f(A). Let V be an open neigh-
bourhood in [],cq, ATw. Since by [?, 1I1.3.4, Proposition 7], the topology on
A7Te is the topology with the sets U, o N A(=the closure of Uy o N A in A’Tw),
a € G, as a base of zero neighbourhoods in A’Tw, there exist HwEQo Yw €V
and U, a1, Uwpoans Wi € Qo, i € G, such that [, cq (yw + Vi) €V,
where V,, = A'7v for w # w;, and V,,, = Uy, 0, NA for i = 1,2,--- ,n. Note
that [[,cq,(Yw + Vi) is open in [[,cq, ATe. Since (A,T,) is a subspace of
(K,T,), the closure A of A in KTv is complete by [?, 11.3.4, Proposition 8§].
Thus A7» ~ A C K7, Let m be the closure of U, in K7Tw. Then
Upoa NA=TUpyoN AT =Upy N AT by Theorem ??. Since (A, Ty,) is dense in
ATwi | there exists z; € A such that z; € Yw: YU 0 NATw e, Wi (T — Y, ) > i,
i1 =1,2,--- ,n. Since wy,---,w, are independent, by Proposition ??, there ex-
ists a € A such that w;(a — x;) > «a;, @ = 1,2,--- ,n. Then, w;(a — yy,) =
wi(a —x; + T — Yu,) = min(w;(a — ), Wi (T — Yu,)) > i, 1€, @ € Yo, + Ui 0
1=1,2,--- ,n. Thus V contains an element a of A. Therefore, Hweﬂo AT is a
completion of (4,7), i.e., [],ecq, ATw = AT, O

As we can see in the proof of Proposition 7?7, for a Priifer domain A, v and w
being dependent is equivalent to P(v) N P(w) containing a nonzero prime ideal of
A. We define an equivalence relation ~ on the set Spec(A)* by

P; ~ P, if and only if P; N P, contains a nonzero prime ideal of A.
Let C be the set of maximal chains of Spec(A)*. The relation ~ on C defined by
Co ~ Cp if and only if Py ~ P» for some P, € C, and P» € Cg
is also an equivalence relation. In fact,
Co ~ Cg if and only if Py ~ P, for all P, € C,, and all P, € Cp.
Let {Cy }aea be the set of all equivalence classes of C. We denote by (4,C), (4,C,)
the topological space A with the topologies C, C,, respectively. Let us denote by
A€, Ao the completions of (4,C), (A, Cy), respectively. Then a similar proof to
that of Proposition 77 implies the following result.

Proposition 4.7. A€ ~ [Toca ACe | where {Cu}aen is a collection of represen-
tatives of the equivalence classes of C.
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Proof. Since A:C= is a Hausdorff complete topological ring, by [?, I1.3.5, Proposi-
tion 10], so is the product space [ ], ACa Let fo : (A,Cq) — AC be the canon-
ical mapping. Then the mapping f = [[,ca fa : (4,C) = [l en A defined by
a+— [],en fala) is a continuous homomorphism. Clearly, Ker f = (o, Ker fo =
Npec, .aeanen P = Npecnen P = {0}, the closure of {0} in (4,C). We claim
that the quotient topology of f(A) coincides with the subspace topology induced by
the product space [],cn ACe Let Py, ,P, € Spec(A)*, k1, ,ky, € N. Then
there exists o; € A such that P; ~ P, for some P, € C,,, i.e., P, N P, contains
a nonzero prime ideal of A. This implies that P, contains some @; € C,, since
C,, is a maximal chain in Spec(A)*. Thus Q¥ N ... NQk C P n...N Pk,
Since Q]fl N --- N Q* is obviously contained in the inverse image under f of the
topology of the product space [],cx A’C“, our claim has been verified. Now by
Definition ??, it remains to show that f(A) is dense in [] ., ACa. Let V be
an open neighbourhood in [, A:Ca. Since by [?, I11.3.4, Proposition 7], the
sets fo(PF) (=the closure of fo(P*) in AC~), P € C,, k € N, is a base of zero
neighbourhoods in A’Cﬂ, there exist HQGA Yo € Vand P, € Cy,, -, P, € Cy,
ki,---,kn € N such that [[,cr(¥a + Vo) € V, where V,, = ACa for o #+ q,
Va, = fa,(PF) for i = 1,2,--- ,n. Since fo(A) is dense in A:C~, there exist

Ty, @, € A such that fa,(%;) € Yo, + fa, (PF). Since Cy,,--- ,C,, are inde-

pendent, P;,---, P, are independent. Let w; be the valuation corresponding to
Ap,. Then wiy,--- ,w, are independent, and so by Proposition ?? and Lemma
7?7, there exists a € A such that a — x; € Piki, i = 1,2,---,n. Therefore,

foti(a) = Yo, = (fai(a) _fai(xi))—’_(foéi(xi) _yai) € fai(Piki% i = ]‘72’”; ) 1.
Thus V contains an element f(a) of f(A). Therefore, f(A) is dense in [], ., A%,
and so A€ =] _, ACa, O

Remark 4.8. For each w € €, let Cy, be a maximal chain in Spec(A)* containing
P(w). Then {Cy }uweq, is the set of all equivalence classes of C. Therefore, AC =

HwGQo A7cw'

Recall that a Priifer ring (resp., Bezout ring) is a ring in which every finitely
generated regular ideal is invertible (resp., principal). By [?, Theorem 6.2], R is
a Priifer ring if and only if (R, [M]R[ay) is a valuation pair for each regular
maximal ideal M of R.

Later it will turn out that A:C= is a Priifer domain, a valuation domain, or a
Bezout domain in several important cases. This together with Proposition 7?7 and
Proposition ?? naturally leads us to consider the direct product of Priifer domains
and Bezout domains. We show that the direct product of Priifer domains (resp.,
Bezout domains) is a Priifer ring (resp., Bezout ring).

Proposition 4.9. Let B =[], Bo. If By is a Priifer domain (resp., Bezout do-
main) for each a, then B is a Prifer ring (resp., Bezoul ring).

aEA

Proof. Note that the total quotient ring T'(B) of B is isomorphic to the direct
product of the quotient fields K, of B,. Let I = (a1, - ,ay,) be a regular ideal
of [[, Ba. Write a1 =[], 1,0, ,an = [[, @n,a- Since I is regular, I contains
a regular element. So we may assume that a; is regular. It follows that a; o # 0
for all a. For each «, consider the nonzero finitely generated ideal (a1,4, " ,@n,a)
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of B,. Since B, is a Priifer domain (resp., Bezout domain), it is invertible (resp.,
principal). Therefore, there exist 1 o, - ,Zn,o € K4 such that Z?Zl Qi,aTia =1
and a;o%ja € By forall 4,j =1,2,--- ,n (resp., there exists a, € B, such that
(@1,05 s 0n,a) = (aa)). Let o1 = [[, 1,0, s2n = [[, Tna € [[, Ko = T(B)
(resp., let a = [], aa). Then >, a;z; = 1 and a;z; € [[, Bq for all i,j =
1,2,--- ,n. Thus I is invertible (resp., I = (a), i.e., I is principal). Therefore, B is
a Priifer ring (resp., Bezout ring). O

5. A7, A AN h-LOCAL PRUFER DOMAIN

Let A be an h-local Priifer domain. Denote by A+ the completion of A in the
A
A-topology and Aps " the completion of Ays in the Aps-topology, M € Max(A).

— AN

Although it is already known that A4 = HMeMm(A) Any and that the 7-
topology on A is the same as the A-topology[?, 7], for the sake of completeness, we
present its proof.

Theorem 5.1. Let A be an h-local Prifer domain. Then

. A
(1) ATe = Ay, M0 where My is the mazimal ideal of A containing P(w).
(2) AT is a Bezout ring.

Proof. (1) As in Lemma ??, we can show that (A4, 7,,) is a subspace of Ay, with

. . Amg AT, ~ A A

the Apgz,-topology. If we show that A is dense in Ay, , then A%w = Ay

In fact, it suffices to show that A is dense in Apg. Given ¢ € Ay, a € A,
s € A\ My and bAyy,, where b € A*, we must show that there exists ¢ € A such
that c € & + bAny,. If @ = 0, we may choose ¢ = 0. So we may assume that a # 0.
Let Qo = {v € Q|v is the valuation corresponding to Ap;, M € Maxz(A)}. Since
A is h-local, g is a representing family of the independent valuations of €. Since
every nonzero element of A is contained in only a finite number of maximal ideals,
the set {v € Qolv(¢) < 0} is finite. Let wp be the valuation corresponding to Apy,.
By Proposition ??, there exists ¢ € A such that wo(t) = wg(b), v(t) = 0 for each
v € Qo such that v(2) < 0. Consider the finitely generated fractional ideal (2t, %)
of A. Since A is a Priifer domain, it has the inverse J. Let v € Q. If v(2) > 0,
then v(%) < 0 so that v(t) = 0. This implies that v(%t) = v(2) < 0. Therefore,
v(J) >0, ie., v(z) >0 for all x € J. Thus J C Nprerrana)An = A. Now from
(5t,2)J = A, it follows that for some c;,co € J, we have 2tc; + 2co = 1, ie,
ca — % = —(%)%tcy, so that wo(cz — ) = 2w (%) +wo(t) +wolcr) = wo(t) = wo(b),
ie., cog — % S bAMo-

(2) By Proposition 77, AT [Tuea, ATw and by (1), ATw A/]\;O’A ° where
My is the maximal ideal containing P(w). Let wp be the valuation corresponding
to Apg,. Since every valuation domain is an h-local Priifer domain, by Lemma 77
and Lemma 77, 14/];())141\/[0 = ZJ\;OIHO. By Theorem ?7(5), A/]\;O’ZUO is a valuation
domain. Therefore, applying Proposition 7?7, we conclude that AT is a Bezout
ring. O

M,

6. £-7, F THE RING OF ENTIRE FUNCTIONS

Let A be a Priifer domain and C,, a maximal chain in Spec(A)*. Then the C,-
topology is the linear topology defined by {P"|P € C,,n € N}. Therefore, by [?,
page 55], the inverse limit lim pec, nenA/P" is the completion of (A, Cy). For each
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P e C,, we denote by A the P-adic completion of A, i.e., AP = liglneNA/P".
We show that lim pec, (lim ,enA/P") = lim pec, nenA/P™.

Lemma 6.1. AC~ = liﬂlpecaﬁ’P.

Proof. Since for each @ C P in C,, there exists a natural map from A/Q"
to A/P", n € N, there exists a natural map fpg : AQ — AP Therefore, we
can construct the inverse system (A’P , frg). Since AP is a Hausdorff complete
topological ring, by [?, I1.3.5, Corollary to Proposition 10], so is lim pec, AP For
each P € C,, let fp: A — AP be the natural map. Then fp is the canonical
mapping of A into its P-adic completion A and frgo fo = fp whenever @ C P.
Then the mapping f = [[pco, frp i (4,Ca) — lim pec, AP(C [pec, AF) de-
fined by a — [[pec, fr(a) is a well—deﬁned continuous homomorphism, Ker f =
Npec, Ker fr = Npec, men P = = {0}, the closure of {0} in (A,C,), and ob-
viously the C, topology on A is the inverse image under f of the topology of
lim pec, AP, Let mp : lim pec, AP — AP be the natural projection. Then
mpo f = fp. By [?, 1.4.4, Corollary to Proposition 9], f(A)(=the closure of f(A)
in lim pec, AF) = lim pec, mp(f(A)) (mp(f(A)) denotes the closure of 7p(f(A))
in AF) = lim pec, fp( ) = lim pec, AP, Thus f(A) is dense in lianecaA’P.
Therefore, ACa = lim pec,, AP O

Lemma 6.2. Let P be a nonzero prime ideal of A. Then A = ﬂPCMeMM(A)
—_ PA]W /\,PAM . . - -
Ay’ , where Ay is the PApr-adic completion of Ayy.

Proof. Since P"Ap = P™Ap([?, Theorem (17.6)(b)]) and P"Ay N A = P™,

. . <~ P 3 A[\/I ,PAP
n € N, we obtain the natural embeddings A" <— Ay, — Ap for all
——,PA
M € Maz(A) containing P, so that the intersection (\pcasenran(a) Am M s

meaningful. Let B = A/P". Then by [?, Theorem 6.1], R = (\yecnrau(r) B(V):

where Ryy = {$ € T(R)|a,b € R,b ¢ N, and b is regular }. Since Max(R) =

{M/P"|M € Max(A) such that M DO P} and Z(R)(=the set of zero divisors

of R) = P/P", A/P" = R = nNGMaz(R) Ry = ﬂPgMeMax(A) Rauypry =

Npcaremaz(ay Bty pr = Npcarenran(ay An /P A Therefore, AP lim ,enA/P"

- HneN A/PT = HneN(ﬂPgMeMax(A) AM/PnAM) = ﬂPgMeMam(A)(HnEN Am

/P"Anr). Let z € AAM’PAM for all M € Max(A) containing P. Then x €

NpcaremanayTLnen A /P An) = [l,en A/P". Consider the following com-

mutative diagram :

limpenAn /P A = [len Am/PrAm
7 7
limpend/P" o [Len A/P

Since (h&lneNAM/PnAM) N (HnENA/Pn) = liLnnENA/Pna T € liﬂlneNA/Pn =

AP, O

Let C, be a maximal chain in Spec(A)*. Let Maz(C,) denote the set {M €
o)

Mazx(A)|M contains some P € Co} and J(Ca) = aserran(c,) M- We call J(C
the Jacobson radical of C,,.
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,Ca, M

Lemma 6.3. ACo = ﬂMeM(H(CQ)@ , where Cop = {PAM|P € Cy and

P C M} (which is a chain in Spec(An)*).

Proof. If C,, has minimal element P, then the C,-topology on A is the same as
the P-adic topology and the C, pr-topology on Ay is the same as the PAjy,-adic
topology. Therefore in this case Lemma 77 is just Lemma ?7?7. Assume that C,,
has no minimal element. Let My, My € Max(C,). Then there exists Py € C, such
that Py C My NM,. Let w; (resp., v) be the valuation corresponding to Ay, (resp.,
Ap,), i =1,2. Since Ay, is a valuation domain and ht(PAy,) = oo for all PAy, €

——,Ca,nm1; — T (Anm;)
SpeC(AMi)*’ AMI = AM1
equal to X]\; T Since by Theorem 77, K-Twi is the quotient field of X]\;

~ - —— ,Ca,m —
by Lemma ??, K-7wi = K70 Ay, " and Ay,
.

by Lemma ??7. In view of Lemma 77, it is

stwy

and

,Ca, M. .
® have the same quotient

field K-7v. Thus, the intersection ) MeMaz(Co) AM ™ is meaningful. Note that
Cam . —PAnm . —— ,PANn ——,PAnm
= lim payec, yAMm = lim pec, Am (C Ilpec, Am ). Let

A
Z\7CI1,I\/I . fT\ \Ca, My
T € Nareman(c,) AM . Choose My € Maxz(C,). Since x € Ay, , We can
. . — ,PAn, —,PAn
write z = HPGCQ rp € lim pec, A, . For each P € C,, xp € Ay for

—— . PA .
all M € Maz(C,). In particular, xp € ﬂPgMEIVIaz(Ca) Ay M= AP by Lemma

??. Thus z € HPGCQ AP, Let M be the maximal ideal contained in Cy, ie.,
{M} =Cy N Mazx(C,). Consider the following commutative diagram :

) —— PAum —— PAum
lim pec, Anm = lpec, Au
: AP AP
@PEC@A - HPECQA
—— PAy R R
. . . Py 1 P _
Since (lim pec, Anm ) 0 (Ipec, A7) = limpec, A", © = [lpec, vp €
liLnPeCaA’P >~ A% by Lemma ?7. O

Theorem 6.4. Let E be the ring of entire functions and let C, be a mazximal chain
in Spec(E)*. Then

~ /\7T’Ua . .

(1) B = Ey %, where {M,} = Max(C,) and v, is the valuation corre-
sponding to Eyr,, and

(2) BT is a Bezout ring.

Proof. (1) ECo o liLDPeCaE’P by Lemma ?7. Since every nonzero prime
ideal of E is contained in a unique maximal ideal[?, Theorem 6], Maxz(C,) has

only one element Ma so that by Lemma 7?7 and Lemma 7?7 hmp C E =
) g €Cq
—,PEy,, ~ ——,Ca, Mg

lim pec, Em,, = Eum, , which is isomorphic to E]Zjva by Lemma 77
and Lemma 77. . . .

(2) By Lemma ??, Proposition ??, and part (1), B7 = B¢ = [ ., BC =
[T.ca EM\QT Since by Theorem 77, each E/’M\;Tua is a valuation domain, Propo-
sition ?? implies that £'7 is a Bezout ring. (Note that |A| = [Maxz(E)|.) O
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7. AT A AN SFT PRUFER DOMAIN

Let A be an SFT Priifer domain and let C, be a maximal chain in Spec(A4)*.
Since Npe, nen P = {0}, the topological ring (A, Cy) is Hausdorff, and so we
may assume that A C A-C= For each subring B (not necessarily with identity) of
A, let us denote by B-C= the closure of B in ACe In fact, by [?, I1.3.4, Proposition
8], B:“~ can be regarded as the completion B:Ca of B with respect to the subspace
topology induced by (A, C,). Henceforth we will use similar notation for other
topologies.

Although [?, Corollary 17] is stated for the finite-dimensional case, its proof is
also valid for the infinite-dimensional case. Thus every nonzero prime ideal of AP
is of the form Q- for some prime ideal @ of A such that Q D P. This result is
crucial in proving the next result.

Lemma 7.1. Let N be a prime ideal of AC> such that N N A # (0). Then Aﬁ“
s a valuation domain.

Proof. Let Py = NN A. Since A is an SFT Priifer domain, there exists a finitely
generated ideal J of A such that PO2 C J C Py (Proposition ??). We claim that
Py contains some P € Cq. Note that J(lim pec, AT) C lim pec, JA for any

ideal J of A, where JA-Y means fp(J)A>P, fp the canonical mapping of A into
the P-adic completion AX'. Since J is finitely generated, J is invertible. Let J -1
be its inverse. Choose a € J\{0}. Then aJ ! is an ideal of A. So a(lim pec, A7) =
aJ " J(lim pec, AF) € aJ ! (lim pec, JAY) C lim peg, al ' TAY = lim pec, aA”
= a(lim pec, A'T) (For the last equality, note the following. Since a # 0, a ¢
Npen P" for some P € C, and hence a is regular in AP In fact, a is regular
in every A" such that Py € C, and Py C P.). Thus aJ‘lJ(lianecafl’P) =
aJ " (lim pe, JAF). Multiplying both sides by a~'.J, we get J(lim pec, AT) =
@peCQJA’P. Note that Maz(AF) = {MF|M € Max(A) and M contains P}
([2, Corollary 17(2)]). If J ¢ M for any M € Max(C,), then JAFT = AP
for all P € C,, which implies that J(lim pec, A'¥) = lim pec, A, Now N D
Py(lim pec, AF) 2 J(lim pec, AT) = lim pec, A7, a contradiction. Therefore,
J C M for some M € Max(C,), i.e., P C M. So Py and P are comparable for
some P € C,. If Py C P, then since C,, is a maximal chain in Spec(A)*, Py € C,.
Thus P C Py for some P € C,.

Let v be the valuation corresponding to Ap,. Then since Fy contains some
P in C,, the C,-topology is the same as the C,-topology (see Remark ??). As

in Lemma 7?7, we can show that the C,-topology is the same as the 7,-topology
on A. Hence A¢» C K7 . Since by Theorem ??, K7 is the quotient field

of TPO’TU, Ap, C flﬁ“ C KT, We give Ap,, A;% the subspace topologies of
K'To. Then taking the completions, we get Z;;Tv C A/g\“ C K'To. Since KT
is the quotient field of Z;O T“, E]? is a valuation overring of Z;o VTU. Since by
Corollary 77, Spec(E;Oju) = {@Tv |@Q is a prime ideal of A contained in Py},
E]\?‘ = Z;O’QEAFD,TU for some Q C P;. We claim that @ = Fy. Let P be an
arbitrary nonzero prime ideal of A contained in Py. Since A is an SFT Priifer
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domain, there exists a finitely generated ideal I of A such that P2 C I C P. So
the P-adic topology coincides with the I -adic topoloAgy. SincAe I C+/J = P,, there
exists { > 1 such that I' C J. Therefore, I'AT C JAT = JAF. Since I is finitely

. T ~.I A
generated, by [?7, Theorem 17.4], I' AT = I'" . Note that I' is open in A-1[?, II1.3.4,

Proposition 7]. Since JAP is an ideal of AP containing an open set IAI’I(:AIAVP),
JAT is closed in A'F, ie., JAT = JF. Therefore, JAC> = J(lim pec, AT) =
J(@PecmPgPOA’P) = liLnPecmPgPoJA’P = liﬂlpecmPgPoj’P ~ JCa. Since
P2CJC P, 1?02’0“ C JCo = JACe C PyAC C N. For each n € N, we give
A/ P} the quotient topology of (A4,C,). Then by [?, Theorem 8.1], 0 — ﬁg”“ca —
ACe A//-P\(? is exact, so that A’CQ/I/’E“CQ — A//Fa’ =~ A/Pj naturally. Since the
embedding is clearly onto, we have A-Ce / ﬁo?f “ = A/Pp. From this, it follows that
]3;2,0

a

—~,Ca —~,Ca
isa Py -primary ideal since F§ is a Pp-primary ideal of A, and so Py -
T, — T,
N. Now, again by [?, Theorem 8.1], we have Ap, /P"Ap, = Ap,/P"Ap, 2
. ~,Cq — T, - —,Cq
A/P" =2 A:Ca/Pn" " and hence Pt Ap, N A% = Pn" " from which it follows
P A A ACe  (PrAn T A ACay Al — P’ 40 j.Ca
that PrAp, NAy® C (PrAp, NAS)AY* =P Ay, Since NAy® 2
—Ca - 1, . I . A A
Py AT D PyAp, "NAG" and PyAp, " is openin K-, NAG® is open in A"
We give A]\?a /NA’]\(,?“ the quotient topology of AJ\?Q and then, /1]\?“ /NA’A(,J“ has the
discrete topology, so that AJ\?" /N /1]\(,7"‘ = Aﬁ"‘ /N ANC“ naturally. From the exact
sequence 0 — N/l’]g‘* — A]\C; — AI\C;” /N/Al]\?([?, Theorem 8.1]), we obtain the
natural embedding Aﬁ“ /N AJ\?Q — /Al[g“ /N Aﬁa Since the embedding is clearly

o —

onto, flﬁ“ /N/Al’]\?” = A’]\?"/Nfl’]\?a (and it is a field). Thus NA}\?Q is the unique

= - T, — T,
maximal ideal of A’J\?O‘, ie., NA’J\?“ = QAp, Ap, g T Therefore, Py =
P,
~C ~C —— T, — T, ’ —— T,
NNA=NAY*NA=NAy*NA=QAp, Ap, g™ NA=QAp, NA=Q,
Po

—T, —T
where the last equality follows from the fact that Ap, /QAp, ~ Ap,/QAPR,.
Thus Py = Q.
— T, R
After all, A’]\?‘l =Ap, . Nowlet R= A’J\?‘l. Since for each nonzero prime ideal
T, T, . ~,Ca —~ ,Ca

P contained in Py, P"Ap, NR= (P"Ap, NAC)R=P"" "R {P" "R|0)#
P C Py,n € N} is a base of zero neighbourhoods in R. We claim that R is a
valuation domain. It suffices to show that aR N R = aR for all a € R* since

R is a valuation domain. The case when a is a unit being trivial, we may as-
sume that a is a nonunit, i.e., a € NR. Since R is a Hausdorff complete space,

_— T, .
ﬂ(O#PCPO PrAp, = (0). Since R is a valuation domain, there exist a nonzero
. — T, A —~ Ca
prime ideal P contained in Py and n € N such that P"Ap, CaR. So P* R=
T, R , R —~.Ca
P*Ap, NR CaRNR. Since aRNR C ﬂ(o)#QgpmleN(aR +Q" R), aR+
—,Ca ———Cu . . .
P "R=aR+Prtl R=.... Since A is an SFT Priifer domain, there exists a
—~,Cy
finitely generated ideal I of A such that P2 C T C P. So I"RC P"RC P" "R C

— ,Cy —,Cy N
p2ntl) 4 qR C I"tl R4 aR = (I"MAY)R +aR = I""'R 4 aR. Thus
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aR+I"R=aR+I""'R=-... Let R = R/aR and IR = (IR + aR)/aR. Then
TR is a finitely generated ideal of R, TR C J(R) = NR/aR and TR" = TR By
—n — A ——,Ca
Nakayama’s lemma, IR = {0}, i.e., "R C aR. ThusaRNR CaR+ P> RC
aR+ I"R = aR and hence aRN R = aR. O

Corollary 7.2. Let N be a prime ideal of AC~ such that N N A # (0). Then the
following statements hold.
—,Ca
(1) N=PFy , where Py =NNA, and Py contains some P € C,,.
. T, . "
(2) A"jgf“ca = Ap, " Nq.f.(AC), where q.f.(AC~) denotes the quotient field of
0
ACa and v is the valuation corresponding to Ap,.

. ~,Ca -

(3) Ewvery prime ideal of AC> contained in Py is of the form PC~, where
P € Spec(A) and P C Py.

(4) Aﬁ“ is an SFT valuation domain.

Proof. (1) From the proof of Lemma ??, we have N = NACay N ACa =
NACaynACe = BAp " 0 AC = B

(2) Let R = A%, and R = A7 Since aRN R = aR for all a € R,
RnNgq.f(R)=R.

(3) By Corollary 77, Spec(XpTO’T“) = {m,ﬁ;'P € Spec(A) contained in Py},
so that by (2) and [?, Theorem (19.16)], every prime ideal of A°“> contained in
E’CQ is of the form m’% N ACa = If’*ca, P CP,.

(4) Since A is an SFT Priifer domain, Ap, is an SFT valuation domain and
hence it is discrete, i.e., each branched prime ideal of Ap, is not idempotent. (For

—.7,
the definition of ‘branched’, see [?, page 189].) Since by Theorem ??, Ap, is a
valuation domain with the value group G; = G,, by [?, Exercise 22, page 205],
— 7 A
Ap, is also discrete, and hence by (2) and [?, Theorem (19.16)(b)], so is A’]\?‘*.
Now we claim that every nonzero prime ideal of the valuation domain flﬁ“ is
branched, i.e., it is the radical of a principal ideal([?, Theorem (17.3)]). By (3),
every nonzero prime ideal of A}g(’ is of the form P+ A}\?a for some P € Spec(A)*
such that P C Py. Since A is an SFT Priifer domain, there exists a finitely generated
ideal J such that P2 C J C P. In the proof of Lemma ??, we have shown that
—5,Ca A A . —,Ca A A
P2 C JC = JACo C P:Ca and P2 is a P:C~-primary ideal of A:¢~, so that
P:Ca A]\?a =4/J Aﬁo‘ Since J is finitely generated and AJ\?‘* is a valuation domain,

J/l’]\?a is principal. So no nonzero prime ideal of A}S" is idempotent. Thus since
every nonzero prime ideal of A’]\(,j“ is a radical of a finitely generated ideal and it is
not idempotent, the conclusion follows from Proposition 7?7 and Theorem 77. [

Recall that J(Ca) = Narenran(c,) M- Since in an h-local Priifer domain and the

ring of entire functions, the condition J(C,) # {0} is obviously satisfied, we are
naturally led to consider the SFT Priifer domain A with the condition J(Cy,) # {0}
for all maximal chains in Spec(A)*.

Lemma 7.3. J(C,) # {0} if and only if there exists a prime ideal Py € C,, such
that Py C J(Cy).
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Proof. Assume that J(Cya) # {0}. Since J(Ca) = Nyrerran(cay) M, J(Ca) is

a nonzero radical ideal of A. Since A is an SFT Priifer domain, by Proposition
?7?(2), J(Cy) has only finitely many minimal prime divisors, say Py, Py, -, P,.
By rearranging, we may assume that there exists k(1 < k < n) such that for i <k,
P; C M for some M € Max(C,) and for i > k, P, M for any M € Maz(Cy).
Let 8; = {M € Max(Cy)|M 2 P}, i = 1,--- ,k. Then Max(C,) = Ule Bi.
Choose M; € B;, i = 1,---,k. By the definition of Max(C,), M; ~ M; for
all i,j = 1,---,k. Since P, ~ M; for all i = 1,--- |k, P, ~ P; for all i,j =
, k. Therefore, there exists a prime ideal Py € C, such that Py C ﬂle P, C

ﬂf:1(ﬂMeg,-, M) = mMeMax(C(,) M = J(Ca). [

Lemma 7.4. If J(Cy) # {0}, then q.f.(AC) = AAC\{O}
Proof. By Lemma ??, there exists a prime ideal Py € C,, such that Py C J(C,).
Co,m ——,Caq,p,

~ ——,Caq, ——Ca,
Recall that A:Ce = ﬂMeMax(CQ) Ay M (Lemma ??) and Aps C Ap,
Choose a € Py\{0}. Then for each prime ideal P € C,, contained in P, and for each

——,PA

M € Mazx(Cy), aAp,” " = a(lim yenAp,/P"Ap,) = lim nena(Ap,/P"Ap,) C
—— ,PA

hmnENPOAPO/P APO = hmneNP()A]\/[/P AM C hmneNAM/P AM = AM M

Ca ——,PA

From this and Lemma 77, we have aAp0 0 a(lim PAp,€Ca, pOAPo PO) =

P Ap, —PAy _ —~.Cam
hmPAPOEC'a PO(LAPO - hmpec PCPOAM = AM , M € Mam(Ca).
,Ca, Py —,Ca, M

- ﬂMGMM(C )AM = A% which implies that A

Ca,p, Ca,p, ,Ca, Py

ApoA\{O} = ApoAP \{0}" Since A is an SFT Priifer domain, ApO

Now aApO A\{o}

_ APO

(Lemma ?7?), where v is the valuation corresponding to A Py Since by Theorem
/\,T T ) a N
22(6), 4.f-(Ar ") = Apy s 0y We conclude that ¢.f.(Ap, ) = g.f.(A) =

Ca
Aoy 0

Theorem 7.5. Let A be an SFT Prifer domain such that J(Cy) # {0} for all
mazimal chains Cy, € Spec(A)*. Then

(1) Spec(ACe) ={(0)} U {Po “|Py is a prime ideal of A containing some P €
Co} and Max(AC~) = {M-C=|M € Maz(Cy)},

(2) Ag,ca = ApU a0 for every Py 7 € Spec(ACe)*, where v is the valuation
cororespondmg to Ap,,

(3) ACe is an SFT Priifer domain,

(4) AT is a Prifer ring. Moreover it is an SFT-ring if and only if |Q| < oo,
i.e., the number of independent valuation overrings of A is finite.

Proof. Let N be a prime ideal of A-%~ such that NN A = (0). Then NAE\{O}
L PN Ca
a prime ideal of A’1\%,. Since by Lemma 77 AA\{O} = q.f.(AC), NAA\{O} (0),
i.e., N = (0). Therefore, (1) and (2) immediately follow from Corollary ?? (for (2),
T, T,
note that Ap,  Cq.f.(Ap, )= A;‘\{O} as is shown in the proof of Lemma ?7).
(3) From (1) and (2), it follows that A:C> is a Priifer domain. Now let N be a
A —,Ca
nonzero prime ideal of A:®>. Then N = Py," *, Py = N N A(# (0)). Since A is an
SFT Priifer domain, there exists a finitely generated ideal J such that P? C J C P.



ON MOCKOR’S QUESTION 17

—=.Ca _ . X —~.Ca
In the proof of Lemma ??, we have shown that P2 C JCo =JAC C Py " and

—5,Ca —,Cy —,C, ~
P2 isa Py "-primary ideal, sothat Py’ = = V/ JA:C«. Since by Corollary ??(4),

AS* is an SFT valuation domain, NAS* # (NAY*)2. This implies N # N2, i.e.,
1/50700 #+ (I/DB’CQ)g. Then by Proposition ?? and Theorem ??, A-C= is an SFT Priifer
domain. R . .

(4) By Lemma ?? and Proposition ??, A7 = AC =~ [Toca A%~ Since each
A:Ce ig a Priifer domain, by Proposition 77, A7 is a Priifer ring.

Now for the second claim, consider the ideal ) ACa of [Toca ACe | where
A is the index set for a representing family of the independent maximal chains in
Spec(A)*, i.e., {Cy}aca is a collection of representatives of the equivalence classes of
C. Note that by Remark ??, |A| = [Qq|. For each element € [] .\ ACo | write z =
[Toca o D cn ACe is an SFT-ideal, then there exist a finitely generated ideal
(1, ,2n) € pen AC= and a positive integer k such that z¥ € (z1,--- ,z,) for
all x € Y ca ACa. Since z; € Y aeh ACe | there exists a finite subset A; of A
such that z; o = 0 for all @« € A\ A;. Therefore, zk =0 for all z € Y ach /Al’cﬂ,
aeA\UL, A Since A is an integral domain, this implies that z, = 0 for all
2 €Y en A%, a€ A\, A;. This is impossible if A # [J;; A;. Thus in order
that [, , A€~ is an SFT-ring, we must have [A| < co.

Conversely, assume that |A| < oo, say A = {aq, -+ ,a,}. Then AT = ACo =
ACer ... ACn. Since by (3), A% is an SFT Priifer domain and every prime
ideal of A'7 is of the form ACer @ ... @ AT D Q; @AC g ,@A,C%, where
Q; is a prime ideal of A:Ci AT is an SFT-ring by Proposition ??(1). O

o

For an integral domain A and a prime ideal P of A, A[X1,--- , Xp]py(x, ., x,) 7#
Ap[X1, -, X,] unless P is the unique maximal ideal of A. Interestingly it turns
out that A[X1, -+, Xn]prix, o x,)/ (X1 — a1, -+, Xp —an) = Ap[X1,--- , Xi]/
(X1 —ay, -, X, —ay) for all a1, ,a, € A provided that A is an SFT Priifer
domain. First we show that for an SFT Priifer domain A and aq,--- ,a, € A,
Alaran) o ATX) oo X ]/(Xy —ay, -+, X — ap), which is well-known in the
case when A is a Noetherian domain.

Theorem 7.6. Let A be an SFT Prifer domain and a1, -+ ,a, € A. Then the
(a1, ,an)-adic completion A(*1:9n) of A is isomorphic to the ring A[Xy,- -,
Xn]]/(Xl —ar, - aXn - an)'

Proof. Since by [?, Theorem 17.5], A@1wan) >~ A[X, -+ X, ] /(X1 —aq,-- -,
X, — ap), where (X1 — ay,- -+, X,, — a,) is the closure of the ideal (X;—aq,--- , X,,—
ap) in A[X1,- -, X,] with respect to the (Xy, -, X, )-adic topology, it suffices to
show that (X1 —ay, -+, X, —an) = (Xy — a1, ,Xn —an). Since (X1 —ay, -+,
Xy —an) = Moy (X1 —ar,-+, Xy — an) + (X1, , X)™) = Mooy (X1 —
a1, Xp—an)+(ag,- - ,otn)m)7 we have (X1 — a1, -, Xp —an)/(X1—aq, -,
Xn—an) =p_qlag, - ,an)m(A[[Xl, L XR]/ (X —aq, ,Xn—an)). So it suf-
fices to show that (~_, (a1, - ,an)m(A[[Xl, LX)/ (X —ar, o, X — an)) =
{0}. We will use induction on n. The case n = 1 is clear by [?, Proposition 3.4].
Suppose (oo_; (a1, s an-1)™(A[X1, -, Xp 1] /(X1 — a1, -+, Xne1 — an—1)) =
{0}. Now we consider (v, (a1, -+ ,an)™ (A[X1, -+, Xp]/(X1—a1, -+, Xn—an)).
Let R = A[[Xl, ,Xn]]/(Xl — a1, ,Xn - an). Then R = (A[[Xl]]/(Xl -
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a1))[Xo, -+, Xl /(Xo—az, -, Xp—ay) = A[Xy, - X, ]/ (Xo—ag, -, Xp—
ay). If a; = 0, then since Ala) = A R AlXa, -+, Xp]/(Xe —ag, -+, Xy — an).
Therefore, by induction hypothesis, the conclusion follows. If a; is a unit in
A, then X; — a; is also a unit in A[Xy,---,X,], which implies R = {0}.

this case, clearly (°_ (a1, - ,a,)™R = {0}. So we may assume that a; is a
nonzero nonunit element in A. Let {P;,---, Py} be the set of minimal prime di-
visors of a; A. Then A@) = AP1 g ... ¢ APr (see [?, Theorem 15]). Therefore,
R~ A,Pl[[X%... JXnl/ (X —ag, -, X — an) @ ...@A,Pk[[Xzy... Xl /(Xo —
as, -+, X, —ay). To prove (\-_; (a1, ,a,)™R = {0}, it suffices to show that
ﬂzle(al, can) ™ (AP X, X/ (X — az, -+, X — ap)) = {0} for all i =
1,2,--- k. Note that A" is an SFT Priifer domain with Spec(AF) = {(0)} U
{Q (A) and @ D P;} ([?, Theorem 15 and Corollary 17], where the proof

of Corollary 17 is also valid for the infinite-dimensional case). Therefore, by induc-
~ 7\7(a2?"‘7an)‘41pi
tion hypothesis, A7 [Xy, -+, X, ]/(Xo —ag, -+, X, —a,) = AP
= (a2, 7‘171)*’4‘}%

Case I : (az, - ,an)AT = {0}. Then N°_,(ar,- - ,a,)"AP:
Moz (a1, - an)mfipi_ﬂm 1a1APLCﬂ P"‘AP”Cﬂ _{0}
P
since AP is complete with respect to the linear topology determined by {P bmen-

— (az,an) AT
Case 11 : (ag,--- ,a,)AF" = AP Then AP = {0} and hence
— ,(az,- ,an)A‘Pi
ﬂ;’::l(al?'.. 7an)mA7Pi . = {O} . .
Case III : (ag,---,a,)A"" is a nonzero proper ideal of AT Since AT g
A/\»(a27"'7an)A1Pi A/\’é-\il, ¢ - ,qu
an SFT Priifer domain, A >~ Ab @ AL , where
i — ,P; ~
{Qi" ;- ,Qi, '} is the set of minimal prime divisors of (ag, - ,a,)AT". Note
that Q;; € Spec(4) and Q;; 2 P 3 aq for all 1=1,2,--- k;and j = 1,2, - k.
0 QLJ Q’L] Fi
Therefore, ﬂmzl(al7 e ay) AP C Moy QUA i C

5 — .Qu
Moo Qi )™ = {0} since AP is complete with respect to the linear
/? 7Q1] ‘
. - tiym . . .
topology determined by {(Qij ) }men. This implies that () °_, (a1, -,

—— (ag, e an) AT

ap)™ AT = {0}. Thus the conclusion follows. O

Next we provide an equivalent condition for an SFT Priifer domain to be ana-
lytically irreducible (with respect to a given ideal-adic topology).

Corollary 7.7. Let A be an SF'T Priifer domain and a1, - ,a, € A. Then
(1) (X1 — a1, -+, Xn — ay) is a prime ideal of A[X1,---,X,] if and only if

(a1, -+ ,an) s a prime ideal of A.

(2) (Xy —ay, -, X, —ay) s a radical ideal of A[ X1, -, X,].

Proof. (1) follows from the above Theorem and [?, Theorem 15]. Since by
[?, Theorem 15], A-(¢1:7@n) is a direct product of finite number of SFT Priifer
domains, (2) follows from (1). O
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Proposition 7.8. Let A be an SFT Prifer domain, P a prime ideal of A, and
ai, - - ,an, € A. Then A[[Xl,“- ,Xn]]p%,(xl,.“’xn)/(xl — a1, ,Xn —an) =
APHX17"'aXn]]/(Xl_a17"')Xn_an)'

Proof. If (a1, ,an) € P, then both sides are {0}. So we may assume that
(a1, ,an) € P. If P =(0), then both sides are K, the quotient field of A. So we
may assume that P # (0). Note A[X1,- -, Xp]pyix, o x,)/ (X1 —ar, -+, Xy —

an) = (A[X1, - Xa] /(X0 = an o Xn = an)) py x,  x0) /(X —ar e X))

Alg“({;l” ’,a”) by Theorem ??. Let {Py,- -, P;} be the set of minimal prime divisors

of (ay,-- ,an) and P; C P. Then by [?, Theorem 15], A:(61:an) o A:Pry. .. A Pn
and Pl(fh,"' an) — PA(arsan) & PAPL @ PAP2 @y ... PATY = PPy gy APz
- @ A% (note that P, P and P ¢ P; for all i = 2,--- |k, so that P + P; =

A) Therefore, Apa(la’l" ’,az?” = A P On the other hand, Ap[X1,---, X,]/(X1 —

(al an)Ap - PlAP
ap, -, X, — ap) = AP >~ Ap by Theorem 7?7 and the fact that

Ap is an SFT Priifer domain. Thus to prove the proposition, it suffices to show
~ — ,P A o0

that A’P1 ~ Ap" """ Following Arnold’s notation, put B(Pl) = No_ P,

which is the prime ideal of A just below Py, and let A = A/B(Py), P, = P1/B(Py),

P = P/B(P). Note that A is an SFT Priifer domain, P; is a helght one prime ideal
PIAP — PlA

of A, Aﬁl = AA P1 and Ap ~ Ap . Therefore, we may assume that P;

is a height one prime ideal of A. Let C,, be a maximal chain in Spec(A)* containing
A . . PLA

P;. Then clearly A:¢« = A"* and hence by Theorem ??, A’;l = Ap " Now

the conclusion follows. O

8. T-PRUFER RING

Mockor[?] introduced the notion of a F-Priifer ring. He defines a F-Priifer ring
to be a commutative ring R with identity and the total quotient ring T'(R) in
which for every maximal regular ideal M of R, (R, [M]R(ag) is a valuation pair
associated with a valuation w on T'(R) such that w is continuous in F, where F is
a topology on the ring T'(R).

Again, let A be a Priifer domain with quotient field K and let € be the family of
nontrivial valuations on K which are nonnegative on A and put 7 = sup{7,|w €
Q). If (K 7w ’j'\) and (K7, T) are the completions of (K, T,,) and (K 7), respec—
tively, we denote by w and w the continuous extensions of w on KT and KT
respectively. It is well known that w0 is a valuation on the field KT and ’Tu, T ;
(Theorem ?7?). In [?], Mockor proved that 1 is a (Manis) valuation on K7 for any
w € Q and that 7 = sup{Tg|w € Q}.

Mockor[?] asked if there exists a Priifer domain A such that A is not a 7-Priifer
ring or such that AT is a Priifer ring but not a 7 -Priifer ring. In this section, we
answer Mockor’s question by constructing some examples. We show that (1) the
completion A'7 of an h-local Priifer domain is a 7-Priifer ring < |Maxz(A)| < oo,
(2) the completion £'7 of the ring E of entire functions is not a 7-Priifer ring, (3)
the completion D'7 of a Dedekind domain is a 7-Priifer ring < |Spec(D)| < oo, and
(4) the completion A7 of an SFT Priifer domain with J(C,) # {0} for all maximal
chains C,, is a 7-Priifer ring < there exist only finitely many independent valuation
overrings of A. In the cases (1), (3), and (4), every nonminimal prime ideal of A'7
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is of the form P-7, where P is a nonzero prime ideal of A. In order to show these,
we begin with quoting his result.

Theorem 8.1. [?, Theorem 14] Let A be a Prifer domain. Then the following
conditions are equivalent.

(1) AT is a T-Priifer ring.

(2) Every mazimal regular ideal of A7 is open in A7 and Ry = (A7) p(a) for

every w € Q, where P() is the center of Ry on ATw.

Proposition 8.2. Let A be an h-local Priifer domain, the ring of entire functions,
or an SFT Prifer domain such that J(Cy) # {0} for all mazimal chains C, €
Spec(A)*. Then Ry = A’PT(%) for every w € Q.

Proof. Let A be an h-local Priifer domain. Since A C R, C K, ATo C

—

Tw - A — Ty
R, = Ry C K'7». By Theorem ??, A7v = Ap, ", where My is the unique
maximal ideal of A containing P(w) and wy is the valuation corresponding to Ay, .
By applying Lemma ?? and Theorem ?7?(6) to Ay with Qo(An,) = {w} and
I} > — Ty . > .
Qo(Anr,) = {wo}, we deduce K-7v = K-7wo = q.f.(Ap,” "°). Thus since K-7v is
the quotient field of A7», Ry is an overring of the valuation domain A7, and so
A Tw
Ry;=A Pl
A — Ty
Now let F be the ring of entire functions. Then by Theorem ??, E'7v = Ey,, ",
where My is the unique maximal ideal of A containing P(w) and wy is the valuation
corresponding to Ejy,. From the same argument as above, it follows that Ry =

ETe

P(w)
The case when A is an SFT Priifer domain follows directly from Theorem ?7?(5)
and Theorem ?7(2). O

Thus in an h-local Priifer domain, the ring of entire functions and an SFT Priifer
domain such that J(C,) # {0} for all maximal chains in Spec(A)*, the second
condition in Theorem ?7?(2) is satisfied. Therefore, to determine whether AT is a
T-Priifer ring, it suffices to check whether every maximal regular ideal of A'7 is
open in AT,

Lemma 8.3. Let A be a Prifer domain and Qo a representing family of the inde-
pendent valuations in Q. Assume that each nonzero element a of A is a nonunit in
ATv for only finitely many w’s in Qo. Then if |Qo| = 0o, AT is not a T -Priifer
ring.

Proof. Recall that A7 = [Tuea, ATw (Proposition ?7). Note that if || = oo,
then Y ATv is a proper ideal of HwGQo ATw. Since w is a nontrivial valuation

R ~ /\,Zu

on K, A7v is an integral domain which is not a field. (Note that A-7» C Apw) C

weRy

KT and P(w/)A\p(w)’Tw NA = P(w).) For each w € Q, choose a nonzero nonunit
element a,, in A7=. Then 3, cq A7 + ([Tyeq, @w) # [wea, AT For oth-
erwise, there exist [[,cq, Tw € D ,cq, ATv and [Tuea, Yw € [luweq, ATv such
that 1 = [[,cq, Tw + (I Lueq, @) lweq, Yw)- Since z, = 0 for almost all (that
is, for all but a finite number of) w € Qq, ay,y, = 1 for almost all w € 4. This
contradicts our choice of a,,’s.
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Now let N be a maximal ideal of A7 containing D e ATo 4 ([weq, @w)-
Since HwGQo aw is a regular element of A7, N is a regular maximal ideal of A-7.
Now we claim that > .o ATe 4 ([Tweq, @) = AT for all a € A\ {0}. Let
{wy,ws, -+ ,wy} be the finite subset of Qy consisting of those elements w’s such
that a is a nonunit in A'7#. For each w # w;, let b, be the inverse of a in AT,
Put z = Hweﬂoxw, where z,, = b, for w # w;, xy, = 0 for i = 1,2,--- | n,
and y = Hwegoyw, where y,, = 0 for w # w;, Yo, = 1 for i« = 1,2,--- ,n.
Then = € [[,ca, A7 ¥ € Dueaq AT and y + 2([[peq, @) = 1. Therefore,
NNA=(0). If N is open in A7, then N N A is also open in A. But since (0) is
not open in A, N is not open in AT, Then by Theorem 77, AT is not a 7-Priifer
ring. O

Theorem 8.4. Let A be an h-local Priifer domain. Then AT isa j’-Prdfer ring
if and only if |Max(A)| < oo.

Proof. Note that Qy = {w € Q|w is the valuation corresponding to A, ,

M, € Max(A)} is a representing family of the independent valuations in Q. By
- — T —— T
Theorem ??, ATw = = Aa Moy and by Theorem 7?7 and Corollary 77?7 AM is a
T \ 7T

valuation domain with the maximal ideal M, ToAn M, - oince My, ToAn M, “NA = My,
each nonzero element a of A is a nonunit in A7+ for only finitely many w’s in .
So by Lemma 77, the “only if” part follows.

Now assume that Max(A) = {My,---, M,}. Then A7 =2 ATw1 @ ... ¢ ATwn,

where w; is the valuation corresponding to Apr;, j = 1,2,---,n. Let N be a
(regular) maximal ideal of AZ7. Then N = ATw1 @ --- @ ATvicr @ Ny @ ATwirr @
@ ATwn  where N; is a maximal ideal of A:7»i. Note that A[g] >~ K Tw -®

KTwia @A’ T @K Tvit1 @ @K Ton and A’ Twi = AT, By the same argument
as in Propom‘mon 77 (or see [7, Lemma 8]), we can show that K7 =~ K 7w @& ... @
KTen . Let v, 'KTNH K7 — G, U{oc} be given by & = (z1,--- ,2p) —
w;i(x;). Then v; is a (Manls) valuation on K7 and a continuous extension of w;.
So v; = w;. Since R,, —KTog...0K “’zl@RA@KV wit1 (@ . @K»wn
which is equal to A[g] and v; = ; is continuous in 7, A7 is a 7-Priifer ring. O

Since every Dedekind domain is an h-local Priifer domain, from the above theo-
rem, we obtain

Corollary 8.5. Let A be a Dedekind domain. Then AT is a T-Priifer ring if and
only if A has only finitely many prime ideals.

Theorem 8.6. Let E be the ring of entire functions. Then E°T is a Priifer ring
but not a T -Priifer ring.

Proof. Let Qp = {w € Q(E)|P(w) € Maz(E)}, O = {w € Q|P(w) is a
maximal fixed ideal}, and Qs = {w € Q|P(w) is a maximal free ideal}. Since
Qo = 0UQ,, BT [Tyea, B BT = (Twea, 7)) @ (luweq, E>Tw)(Proposition
??). Recall that {(X — a)la € C} is the set of all fixed maximal ideals of E
and for each f € E\ {0}, Z(f), which is the set of zeros of f, is a countable
discrete set with no limit point in the open complex plane [?, p 146]. Let I =
lweq, Yo € [lueq, ETe|y, = 0 except for countably many w’s }. Then since
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|| = ¢, where ¢ is the cardinal number of the continuum, I is a proper ideal
of [Tueq, ETw. For each w € Qy, let P(w) = (X — @), ap € C. Then clearly
I+ ([Tpeq, (X = aw)) # [lyeq, E-Tw. Let N be a maximal ideal of [Toea, ETo
containing I + ([[,cq, (X — aw))- Smce [Toeq, (X — ay) is a regular element of
[Toea, ETe | N is regular. Slnce for each f € E\ {0}, Z(f) is a countable set, f is
a nonunit in £+ only for countably many w’s in Q; and hence as in Lemma 77,
we can show that I + (I],cq, ) = [Tyeq, £7* for all f € E\ {0}. This implies
that NN E = (0). Let No = N & ([[,cq, ETw). Then Ny is a regular maximal
ideal of E'7 such that No N E = (0). Then by Theorem ?? and Theorem ??, E-7
is a Priifer ring which is not a 7-Priifer ring. O

Theorem 8.7. Let A be an SFT Pm’if(ir domaz'r} such that for each mazimal chain
C, in Spec(A)*, J(Cy) # {0}. Then AT is a T-Priifer ring if and only if |Q| <
00.

Proof. For each w € o, let P(w) be the center of R,, on A. As in Remark
??, let Cy be a maximal chain in Spec(A)* containing P(w). Then since A is an
SFT Priifer domain, A7+ = A-C» for all w € Q (Lemma ??). Since J(C,,) # {0},

—~,Cu
Spec(ACv) = {(0)} U{P," "|Py contains some P € C,} by Theorem ??. Note

that Po B NA = Fy. Now let a be a nonzero element of A. Since A is an SFT-ring,
(a) has only finitely many minimal prime divisors, say Py, --- , P,, (Proposition 77).
For each i, let w; € Qg be the valuation such that P; ~ P(w;). We claim that a
is a unit in A% for all w # w;. Assume the contrary. Then a is a nonunit in
ACv for some w # w; and hence a € M-Cv for some M-S+ € Max(AC). Since
a€ M= MCP A, P, C M for some i. This implies that P, ~ M. Moreover
since M ~ P(w), P(w;) ~ P(w). By the definition of Qy, w = w;, a contradiction.
Therefore, by Lemma 7?7, the “only if” part follows.
Now let Qo = {w1,--- ,w,}. Since J(Cy,) # {0} for all j =1,--- ,n, KT

q.f-(A%*) by Lemma ??. Let N; be a maxunal ideal of A’ sz. Then by Theorem

?7?2(2), N; = MCw: where M = N; N A and A’Niw’ = AM = Ry,. The same
argument as in the proof of Theorem ?7? allows us to conclude that AT is a T-Priifer
ring. O

Remark 8.8. (1) It is easy to see that the collection {J(Cy)}aca is independent of
a particular representing family {C, }oeca of the maximal chains in Spec(A)*. Then
what matters in Theorem ?? is whether there exists a representing family {Cy }aen
of the maximal chains in Spec(A)* such that J(Cy) # {0} for each o € A.

(2) Facchini’s existence theorem (Theorem ??) and Lemma ?? provide a lot
of SFT Priifer domains satisfying the various conditions such as J(C,) = {0},

J(Ca) # {0}, [Q0] = 00, and Qo] < oo.

(3) Since every Dedekind domain is just a 1-dimensional SFT Priifer domain,
Corollary 7?7 also follows from Theorem ?77.

(4) Let A be an h-local Priifer domain, the ring of entire functions, or an SFT
Priifer domain such that J(C,) # {0} for all maximal chains C, € Spec(A)*.
In each case, we can see that Spec(AT+) = {(0)} U {PT+|P € Spec(A)* such
that P ~ P(w)}, w € Q (Corollary ??, Theorem ??, Theorem ??, and Theorem
?7?). Since by Proposition 7?7, A7 = [Tuea, ATeif [Qy] < oo, then we can
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easily describe Spec(A'T) as follows. Let Qo = {wy,--- ,w,}. Then Spec(A7T) =
[ATo1 e ATei ©Q@ A1 o ATon [Q € Spec(ATon), i = 1,2, ).
Let Q € Spec(ATwi)*. Then Q = PT»: for some P € Spec(A)* such that P ~
P(w;). By the definition of Qy, P o P(w;) for all j # i, and so P75 = A'T*s for all
j # i. Therefore, AT gy .. ATwin PQ AT @ @ ATon = H;Zl ploj
PT. Thus every nonminimal prime ideal of AT is of the form P7, where P is a
nonzero prime ideal of A. However, for the case |[2y| = 0o, we have been unable to
describe Spec(A'T).

We could neither describe Spec(A'7) when A is an SFT Priifer domain such that
J(Cy) = {0} for all C, € C, nor Spec(A:°=), and we do not know if A7 is a Priifer
ring.
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