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Abstract. For certain classes of Prüfer domains A, we study the completion

Â,T ofA with respect to the supremum topology T = sup{Tw|w ∈ Ω}, where Ω

is the family of nontrivial valuations on the quotient field which are nonnegative

on A and Tw is a topology induced by a valuation w ∈ Ω. It is shown that
the concepts ‘SFT Prüfer domain’ and ‘generalized Dedekind domain’ are the

same. We show that if E is the ring of entire functions, then Ê,T is a Bezout

ring which is not a T̂ -Prüfer ring, and if A is an SFT Prüfer domain, then

Â,T is a Prüfer ring under a certain condition. We also show that under the

same conditions as above, Â,T is a T̂ -Prüfer ring if and only if the number of

independent valuation overrings of A is finite. In particular, if A is a Dedekind

domain (resp., h-local Prüfer domain), then Â,T is a T̂ -Prüfer ring if and only

if A has only finitely many prime ideals (resp., maximal ideals). These provide
an answer to Mockor’s question.

1. Introduction

Let A be an integral domain with quotient field K and let Ω be the family of
nontrivial valuations on K which are nonnegative on A. A valuation w ∈ Ω with the
value group Gw induces a topology Tw on K with the sets Uw,α = {x ∈ K|w(x) >
α}, α ∈ G+

w = {β ∈ Gw|β ≥ 0}, as a base of zero neighbourhoods in K. It is well
known that the completion K̂ ,Tw of K with respect to the topology Tw is a field and
the extension ŵ of w on K̂ ,Tw is a valuation on K̂ ,Tw [?]. Let Rw be the valuation

ring of w, i.e., Rw = {x ∈ K|w(x) ≥ 0} and let R̂w
,Tw

denote the completion of Rw
with respect to the subspace topology induced by Tw. Bourbaki also showed that

R̂w
,Tw

= Rŵ, the valuation ring of ŵ, and Gw = Gŵ, the value group of ŵ.
In this paper we consider a more general situation. Let T = sup{Tw|w ∈ Ω},

i.e., T is the topology with the set {Uw,α|w ∈ Ω, α ∈ G+
w} as a subbase of zero

neighbourhoods in K. Let Ā,T be the closure of A in K̂ ,T , the completion of K
with respect to the T -topology. In view of [?, II.3.4, Proposition 8], Ā,T = Â,T ,
which is the completion of A with respect to the subspace topology on A. In [Mo],
Mockor studied the ring Â,T for a Prüfer domain A. He presented some sufficient
conditions for Â,T to be a Prüfer ring, and equivalent conditions for Â,T to be a
T̂ -Prüfer ring (see Section 8). However he left it an open question if there exists a
Prüfer domain A such that Â,T is not a T̂ -Prüfer ring or such that Â,T is a Prüfer
ring but not a T̂ -Prüfer ring.

The purpose of this paper is to construct examples to Mockor’s question by
studying certain classes of Prüfer domains such as h-local Prüfer domains, the ring
of entire functions, and SFT Prüfer domains (Section 5, 6 and 7). In particular, in
dealing with an SFT Prüfer domain, we will use the following results[?, Theorem
15 and Corollary 17] (although it is stated for finite-dimensional A, its proof is
also valid for the infinite-dimensional case). If A is an SFT Prüfer domain and
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I a proper ideal of A, then the I-adic completion Â,I is an SFT Prüfer ring, and
moreover if

√
I is a prime ideal, then Â,I is an SFT Prüfer domain and Spec(Â,I) =

{(0)} ∪ {Q̂,I |Q ∈ Spec(A) and Q ⊇ I}, where Q̂,I is the I-adic completion of Q.
Section 2 : In the literature there are two important classes of Prüfer domains,

one is the class of SFT Prüfer domains introduced by Arnold in 1972([?]) and
the other is the class of generalized Dedekind domains introduced by Popescu in
1984([?]). Each of them has a good book that deals with it([?, ?]). We show
that an integral domain is an SFT Prüfer domain if and only if it is a generalized
Dedekind domain. We believe that this result will facilitate the research on SFT
Prüfer domains or generalized Dedekind domains. So far only a few examples of
SFT Prüfer domains have been given. Facchini’s existence theorem([?, Theorem
5.3]) for generalized Dedekind domains thus provides many examples of SFT Prüfer
domains.

Section 3 : Let C be the set of all maximal chains of nonzero prime ideals of
an integral domain A and let Cα ∈ C. We introduce the Cα-topology and the C-
topology, which is the supremum of the Cα-topologies. We consider three kinds of
topologies on an integral domain A, namely the T -topology, the ideal-adic topology,
and the C-topology. We investigate the relation between these topologies on an SFT
Prüfer domain. In a particular situation, one topology is more useful than the others
in studying the completion of a Prüfer domain.

In section 4, we study the completions of a Prüfer domain A with respect to
the T -topology and the C-topology and show that Â,T ∼=

∏
w∈Ω0

Â,Tw and Â,C ∼=∏
α∈Λ Â

,Cα , where Ω0 is a family of independent valuations that are positive on A
and whose equivalence classes constitute the set of all equivalence classes of Ω, and
{Cα}α∈Λ is a representing family of the independent maximal chains in Spec(A)∗.

In section 5, we give a short survey on the completion of an h-local Prüfer
domain.

In section 6, we show that the ring E of entire functions has the completion Ê,T

which is a Bezout ring but not a T̂ -Prüfer ring. We show that for a Prüfer domain
A, Â,Cα ∼= lim←− P∈CαÂ

,P .
Section 7 : For Cα ∈ C, we introduce the Jacobson radical J(Cα) of Cα. It

is shown that Â,Cα is an SFT Prüfer domain for an SFT Prüfer domain A and
a maximal chain Cα with nonzero Jacobson radical. In this case, Spec(Â,Cα) =

{(0)} ∪ {P̂0

,Cα |P0 ∈ Spec(A)∗ and P0 contains some P ∈ Cα}. If in addition
J(Cα) 6= {0} for all Cα ∈ C, then Â,T is a Prüfer ring.

It is well-known that for a Noetherian domain A and a1, · · · , an ∈ A, Â,(a1,··· ,an)

∼= A[[X1, · · · , Xn]]/(X1 − a1, · · · , Xn − an). We show that it also holds for an
SFT Prüfer domain A. As a corollary we obtain that (X1 − a1, · · · , Xn − an)
is a radical ideal of A[[X1, · · · , Xn]] and that (X1 − a1, · · · , Xn − an) is a prime
ideal of A[[X1, · · · , Xn]] ⇔

√
(a1, · · · , an) is a prime ideal of A ⇔ A is analyt-

ically irreducible with respect to (a1, · · · , an). An interesting result is that for
an SFT Prüfer domain A, a prime ideal P of A, and a1, · · · , an ∈ A, we have
A[[X1, · · · , Xn]]P+(X1,··· ,Xn)/(X1−a1, · · · , Xn−an) ∼= AP [[X1, · · · , Xn]]/(X1−a1, · · ·
, Xn − an).

In section 8, constructing examples, we give answers to Mockor’s question.
Namely we show that (1) the completion Â,T of an h-local Prüfer domain is a
T̂ -Prüfer ring ⇔ |Max(A)| < ∞, (2) the completion Ê,T of the ring E of entire
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functions is not a T̂ -Prüfer ring, (3) the completion D̂,T of a Dedekind domain is
a T̂ -Prüfer ring ⇔ |Spec(D)| < ∞, and (4) the completion Â,T of an SFT Prüfer
domain with J(Cα) 6= {0} for all maximal chains Cα is a T̂ -Prüfer ring ⇔ there
exist only finitely many independent valuation overrings of A. In the cases (1), (3),
and (4), every nonminimal prime ideal of Â,T is of the form P̂ ,T , where P is a
nonzero prime ideal of A.

Throughout this paper A will be a Prüfer domain with quotient field K unless
otherwise specified. For undefined terms and notation the reader is referred to
[?, ?, ?]. We would like to mention that to make this paper self-contained and for
the sake of easy reference, we will sometimes paraphrase known results.

2. SFT Prüfer domains and generalized Dedekind domains

Let A be a commutative ring with identity and I an ideal of A. The ideal I will
be called an SFT-ideal (an ideal of strong finite type) provided there exist a finitely
generated ideal J ⊆ I and a positive integer k such that ak ∈ J for each a ∈ I. If
each ideal of A is an SFT-ideal, then we say that A is an SFT-ring. This concept
was introduced by Arnold in 1972([?]). It plays an important role in dealing with
the formal power series ring. For example, Arnold has shown in [?, ?] that if A is
not an SFT-ring, then dimA[[X]] =∞, and if A is a finite-dimensional SFT Prüfer
domain, then dimA[[X1, · · · , Xn]] = ndimA + 1. For other results on SFT Prüfer
domains, see [?, ?, ?, ?, ?, ?, ?, ?].

Since in this paper we are primarily concerned with an SFT Prüfer domain, we
list here some properties of an SFT-ring.

Proposition 2.1. [?, Proposition 2.2 and 2.5, Corollary 2.7] Let A be a commuta-
tive ring with identity.

(1) A is an SFT-ring if and only if each prime ideal is an SFT-ideal.
(2) An SFT-ring A has a Noetherian prime spectrum. In particular, each ideal

of A has only finitely many minimal prime divisors.
(3) If P is a nonzero SFT prime ideal of an integral domain, then P 6= P 2.

An integral domain is called a valuation domain if for each nonzero element a
and b, a divides b or b divides a. An integral domain A is called a Prüfer domain
if for each maximal ideal M of A, AM is a valuation domain.

Proposition 2.2. [?, Proposition 3.1] In order for the Prüfer domain A to be an
SFT-ring, it is necessary and sufficient that for each nonzero prime ideal P of A,
there exists a finitely generated ideal I such that P 2 ⊆ I ⊆ P .

In 1984, 12 years after Arnold had invented the concept ‘SFT Prüfer domain’, N.
Popescu[?] introduced the concept of a generalized Dedekind domain. He defines
a generalized Dedekind domain to be a Prüfer domain A on which for every two
distinct localizing systems F1 and F2, AF1 6= AF2 . Then he obtains the following
result.

Proposition 2.3. [?, Theorem 2.5] Let A be a Prüfer domain. The following
assertions are equivalent.

(1) A is a generalized Dedekind domain.
(2) If P is a nonzero prime ideal of A, then P 6= P 2 and P is the radical of a

finitely generated ideal.
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Apparentely these two concepts were not realized to be the same. We prove that
they are in fact the same.

Theorem 2.4. The concepts ‘SFT Prüfer domain’ and ‘generalized Dedekind do-
main’ are the same.

Proof. It is clear that every SFT Prüfer domain is a generalized Dedekind do-
main (Propositions ??(3), ?? and ??). Conversely let A be a generalized Dedekind
domain and P a nonzero prime ideal of A. Then P 6= P 2 and P =

√
I for some

finitely generated ideal I. Choose a ∈ P \ P 2. Put J = (I, a). Then J is finitely
generated, P =

√
J and J 6⊆ P 2. Since for each maximal ideal M of A, AM is

a valuation domain and P 2 is a P -primary ideal, P 2AM ⊆ JAM ⊆ PAM . Thus
P 2 ⊆ J ⊆ P locally and hence globally. Thus these two concepts are the same.

So we can use Fontana, Huckaba, Popescu, and Facchini’s results on the gener-
alized Dedekind domains in dealing with the SFT Prüfer domains. In particular,
using the following existence theorem due to Facchini, we can obtain a lot of exam-
ples of SFT Prüfer domains with the prime spectrum satisfying suitable conditions
which we want.

Recall that a tree is a partially ordered set (X,≤) with the property that for
every x ∈ X the set Bx = {y ∈ X|y ≤ x} is a chain (i.e., a totally ordered set); it is
Noetherian if every ascending chain x1 ≤ x2 ≤ · · · of elements of X is stationary.

Theorem 2.5. [?, Theorem 5.3] Let X be a partially ordered set. The following
statements are equivalent:

(1) X is a Noetherian tree with a least element.
(2) There exists a generalized Dedekind domain A whose prime spectrum (SpecA,
⊆) is order isomorphic to X.

3. Topologies

Let A be a Prüfer domain with quotient field K. There are several kinds of
topologies which make A a topological ring. The I-adic topology, where I is a
proper ideal of A, is the topology with the set {In|n = 1, 2, · · · } as a base of
zero neighbourhoods in A. The A-topology is the topology with the ideals aA,
a ∈ A∗(= A \ {0}), as a base of zero neighbourhoods in A. Let Ω(A) be the
family of nontrivial valuations on K which are nonnegative on A. A valuation
w ∈ Ω(A) with the value group Gw induces the topology Tw on K with the sets
Uw,α = {x ∈ K|w(x) > α}, α ∈ G+

w = {β ∈ Gw|β ≥ 0}, as a base of zero
neighbourhoods in K. We can give A the subspace topology of K. We shall call
this topology the Tw-topology on A. We denote by P (w) the center of the valuation
ring Rw of w on A.

Lemma 3.1. Let w ∈ Ω(A) be a valuation with valuation ring Rw. Then for each
α ∈ G+

w, there exists a ∈ A∗ such that α = w(a), and hence Uw,α = aP (w)AP (w).

Proof. Since A is a Prüfer domain, Rw = AP (w), and so this is clear.

Now let T (A) = sup{Tw|w ∈ Ω(A)}, i.e., T (A) is the topology on K with the
set {Uw,α|w ∈ Ω(A), α ∈ G+

w} as a subbase of zero neighbourhoods in K. We shall
call the subspace topology on A induced by this topology the T (A)-topology on A.
If there is no ambiguity, we will use Ω and T instead of Ω(A) and T (A).
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Let Spec(A)∗ denote the set of all nonzero prime ideals of A. Then (Spec(A)∗,⊆)
is a partially ordered set. Let Cα be a chain in Spec(A)∗. We define the Cα-topology
to be the topology on A with the ideals Pn, P ∈ Cα, n = 1, 2, · · · , as a base of zero
neighbourhoods in A.

Now let C be the set of maximal chains of Spec(A)∗. We define the C-topology
to be the topology with the set {Pn|P ∈ Cα ∈ C, n = 1, 2, · · · } as a subbase of zero
neighbourhoods in A.

We want to compare these topologies with each other.
Recall that an integral domain A is said to be h-local if every nonzero element

of A is contained in only finitely many maximal ideals, and if every nonzero prime
ideal of A is contained in only one maximal ideal. Using Lemma ??, we give an easy
proof that the T -topology and the A-topology are the same in an h-local Prüfer
domain A.

Lemma 3.2. [?, Lemma 13] Let A be an h-local Prüfer domain. Then the T -
topology on A is the same as the A-topology.

Proof. Let wi ∈ Ω, αi ∈ G+
wi . Then there exists ai ∈ A∗ such that Uwi,αi =

aiP (wi)AP (wi). Now Uw1,α1∩· · ·∩Uwn,αn∩A = a1P (w1)AP (w1)∩· · ·∩anP (wn)AP (wn)

∩A ⊇ a1 · · · anA. Conversely, let a ∈ A∗. Then since A is h-local, there exists only
a finite number of maximal ideals M1, · · · ,Mn of A such that a ∈ Mi. Let wi be
the valuation corresponding to the valuation domain AMi

, i = 1, 2, · · · , n. Then
aA =

⋂
M∈Max(A) aAM =

⋂n
i=1(aAMi

∩ A) ⊇
⋂n
i=1(aMiAMi

∩ A) = Uw1,w1(a) ∩
· · · ∩ Uwn,wn(a) ∩A.

Let P be a prime ideal of A. We denote by htP the height of P , i.e., the
supremum of the length of chains of prime ideals contained in P .

Lemma 3.3. Let A be a Prüfer domain such that no minimal prime ideal is idem-
potent if there is any. Then the T -topology on A is the same as the C-topology.

Proof. Let wi ∈ Ω, αi ∈ G+
wi . Then there exists ai ∈ A∗ such that Uwi,αi =

aiP (wi)AP (wi), i = 1, 2, · · · , n. If ai 6∈ P (wi), then aiP (wi)AP (wi) = P (wi)AP (wi).
Assume that ai ∈ P (wi). Then

√
aiAP (wi) = QiAP (wi) for some nonzero prime

ideal Qi contained in P (wi). If htQi > 1, then choose a nonzero prime ideal
Q
′

i properly contained in Qi. Then by [?, Theorem (17.1)(5)], there exists ki ∈
N such that Q

′ki
i AP (wi) ⊆ aiAP (wi). Hence Q

′ki+1
i AP (wi) ⊆ aiP (wi)AP (wi). If

htQi = 1, then Qi 6= Q2
i . By [?, Theorem (17.3)], there exists ki ∈ N such that

Qkii AP (wi) ⊆ aiAP (wi). Hence Qki+1
i AP (wi) ⊆ aiP (wi)AP (wi). Thus in either case,

there exist Qi ∈ Spec(A)∗ contained in P (wi) and ki ∈ N such that Uw1,α1 ∩ · · · ∩
Uwn,αn ∩A ⊇ Q

k1
1 ∩ · · · ∩Qknn . Conversely, suppose Qi ∈ Spec(A)∗, ki ∈ N. Choose

a ∈ Qk1
1 ∩ · · · ∩ Qknn \ {0}. Let wi be the valuation corresponding to AQi . Then,

Qk1
1 ∩ · · · ∩ Qknn = Qk1

1 AQ1 ∩ · · · ∩ Qknn AQn ∩ A ⊇ aQ1AQ1 ∩ · · · ∩ aQnAQn ∩ A =
Uw1,w1(a) ∩ · · · ∩ Uwn,wn(a) ∩A.

Let E be the ring of entire functions. It is well known that E is a Bezout domain,
i.e., every finitely generated ideal of E is principal. Henriksen[?] has shown that
if M is a maximal fixed ideal, then M is principal and htM = 1 and if M is a
maximal free ideal, then htM = ∞. In fact, if P is an any prime free ideal of E,
then htP =∞. Thus since E satisfies the conditions in Lemma ??, the T -topology
on E is the same as the C-topology.
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Lemma 3.4. Let A be an SFT Prüfer domain. Then the T -topology on A, the
A-topology, and the C-topology coincide.

Proof. Let wi ∈ Ω, αi ∈ G+
wi . Then there exists ai ∈ A∗ such that Uwi,αi =

aiP (wi)AP (wi). Thus Uw1,α1 ∩ · · · ∩ Uwn,αn ∩ A = a1P (w1)AP (w1) ∩ · · · ∩
anP (wn)AP (wn) ∩ A ⊇ a1 · · · anA. Now let a ∈ A∗. Since A is an SFT Prüfer
domain, by Proposition ??(2), (a) has only finitely many minimal prime divisors,
say, P1, · · · , Pn. Thus we have

√
(a) = P1 ∩ · · · ∩ Pn = P1 · · ·Pn. By Proposition

??, there exists k ∈ N such that (a) ⊇ (P1 · · ·Pn)k = P k1 ∩ · · · ∩ P kn . Finally, given
Pi ∈ Spec(A)∗ and ki ∈ N, choose a ∈ P k1

1 ∩· · ·∩P knn \{0}. Let wi be the valuation
corresponding to APi . Then P k1

1 ∩ · · · ∩ P knn = P k1
1 AP1 ∩ · · · ∩ P knn APn ∩ A ⊇

aP1AP1 ∩ · · · ∩ aPnAPn ∩ A = Uw1,w1(a) ∩ · · · ∩ Uwn,wn(a) ∩ A. Thus these three
topologies coincide.

4. Completions

Let X be a topological ring. X is said to be complete if every Cauchy filter
converges. For details, see [?].

Definition 4.1. A completion of X is a pair (X̂, f), where X̂ is a Hausdorff com-
plete topological ring and f : X → X̂ is a continuous homomorphism satisfying the
following conditions:

(a) Ker f = {0}, the closure of {0} in X,
(b) The quotient topology of f(X) coincides with the topology induced by X̂,
(c) f(X) is dense in X̂.

It is well known that a completion exists and is unique in the following sense.
Let (X̂, f), (Ŷ , g) be two completions of X. Then there is a unique isomorphism
ϕ : X̂ → Ŷ which is also a homeomorphism such that ϕ ◦ f = g[?]. Henceforth, we
shall say that X̂ is the completion of X and f is the canonical mapping of X into
its completion.

Now we wish to consider the completions of a Prüfer domain A with respect to
the topologies defined in section 3.

Recall that for v, w ∈ Ω, v and w (or Rv and Rw) are said to be independent if
there exists no nontrivial valuation overring containing both Rv and Rw. Otherwise,
v and w are said to be dependent. We say that a subset Ω

′
of Ω is independent

if every two elements of Ω
′

are independent. We have the following approximation
theorem for independent valuations. To make this paper self-contained, we state
and prove the following well-known result.

Proposition 4.2. [?, Proposition 24] Let A be a Prüfer domain. Let w1, w2, · · · ,
wn ∈ Ω be independent valuations with the value groups Gw1 , Gw2 , · · · , Gwn , re-
spectively. Given β1 ∈ G+

w1
, · · · , βn ∈ G+

wn and t1, · · · , tn ∈ A, there exists t ∈ A
such that wi(t− ti) = βi, i = 1, 2, · · · , n.

Proof. Let Ii = {x ∈ A|wi(x) > βi}. Then Ii is a nonzero proper ideal of A such
that Ii = IiAP (wi)∩A. Since AP (wi) is a valuation domain,

√
IiAP (wi) = QiAP (wi)

for some nonzero prime ideal Qi contained in P (wi). So
√
Ii =

√
IiAP (wi) ∩A =√

IiAP (wi) ∩ A = Qi. Since w1, · · · , wn are independent, I1, · · · , In are relatively
prime. Suppose not. Then there exist i 6= j and a maximal ideal M of A such that
Ii + Ij ⊆ M . It follows that

√
Ii +

√
Ij ⊆ M , i.e., Qi + Qj ⊆ M . Since A is a
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Prüfer domain, Qi and Qj are comparable. Assume that Qi ⊆ Qj . Then AQi is a
nontrivial valuation overring containing both AP (wi) and AP (wj), a contradiction.
Applying the Chinese remainder theorem, we can find y ∈ A such that y − ti ∈ Ii,
i.e., wi(y − ti) > βi, i = 1, 2, · · · , n. Since βi ∈ G+

wi and Rwi = AP (wi), there exist
xi ∈ A such that wi(xi) = βi, i = 1, 2, · · · , n. Applying the Chinese remainder
theorem again, we can find d ∈ A such that d − xi ∈ Ii, i.e., wi(d − xi) > βi,
i = 1, 2, · · · , n. Note that wi(d) = wi(xi + (d − xi)) = βi, i = 1, 2, · · · , n. Put
t = d+ y ∈ A. Then wi(t− ti) = wi(d+ (y − ti)) = βi, i = 1, 2, · · · , n.

Define an equivalence relation ∼ on the family Ω by v ∼ w if and only if v and
w are dependent. Let Ω0 be a family of representatives of the equivalence classes.

Lemma 4.3. T = sup{Tw|w ∈ Ω} = sup{Tw|w ∈ Ω0}.

Proof. Let w ∈ Ω, α ∈ G+
w . Then by Lemma ??, there exists a ∈ A∗ such that

Uw,α = aP (w)AP (w). Let v ∈ Ω0 be the valuation that is dependent on w. Then
there exists a nonzero prime ideal Q such that AQ is a valuation overring containing
both AP (v) and AP (w). So we have Uw,α = aP (w)AP (w) ⊇ aQAP (w) = aQAQ =
aQAP (v) ⊇ abAP (v) ⊇ abP (v)AP (v) = Uv,v(ab) for any element b ∈ Q \ {0}.

Let w be a valuation on the field K. Then by Lemma ??, the T (Rw)-topology on
K is the same as the Tw-topology on K. Bourbaki considered the completion K̂ ,Tw

of K with respect to the topology Tw. Since we will often use results in Bourbaki,
we include some of them here for easy reference.

Let Gw be the value group of w. Define on the set G
′

w = Gw ∪ {∞} a topology
by setting X(=the closure of X)=X ∪ {∞} for every nonempty subset X of G

′

w,
and Ø = Ø. Then clearly w : K → G

′

w is continuous and hence it induces the
continuous extension ŵ : K̂ ,Tw → G

′

w.

Theorem 4.4. [?, VI.5.3, Proposition 5] Let K be a field and w a valuation on K.
Then we have the following statements.

(1) K̂ ,Tw is a topological field.
(2) The continuous extension ŵ of w to K̂ ,Tw is a valuation and Gŵ = Gw.
(3) The topology on K̂ ,Tw is the topology with the set {Uŵ,α|α ∈ G+

ŵ} as a base
of zero neighbourhoods in K̂ ,Tw .

(4) Uŵ,α = Uw,α, the closure of Uw,α in K̂ ,Tw .

(5) Rŵ = R̂w
,Tw

, the completion of Rw with respect to the Tw-topology on Rw.

(6) K̂ ,Tw = R̂w
,Tw
Rw\{0}.

Corollary 4.5. Spec(R̂w
,Tw

) = {Q̂,Tw |Q ∈ Spec(Rw)}, where Q̂,Tw is the comple-
tion of Q with respect to the subspace topology induced by Rw.

Proof. Let Q ∈ Spec(Rw)∗. We give Q the subspace topology, and Rw/Q the
quotient topology induced by Rw. Then since these are linear topologies, by [?,

Theorem 8.1], 0→ Q̂,Tw → R̂w
,Tw → ̂Rw/Q is exact, so that R̂w

,Tw
/Q̂,Tw ↪→ ̂Rw/Q

naturally. Since Rw is a valuation domain, by Lemma ?? and Lemma ??, T -
topology on Rw=Tw-topology on Rw=Rw-topology. Since Q 6= (0), Q is open in
Rw, and then Rw/Q has the discrete topology, so that ̂Rw/Q ∼= Rw/Q. Thus we

have R̂w
,Tw

/Q̂,Tw ↪→ Rw/Q. Since the embedding is clearly onto, R̂w
,Tw

/Q̂,Tw ∼=
Rw/Q. Thus Q̂,Tw is a prime ideal of R̂w

,Tw
such that Q̂,Tw ∩ Rw = Q for each
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Q ∈ Spec(Rw)∗. From Theorem ??(2) and [?, Corollary (17.9)], the conclusion
follows : Let Q0 ∈ Spec(R̂w) ⇒ ŵ(R̂w \ Q0) = w(Rw \ Q) = ŵ(R̂w \ Q̂) for some
Q ∈ Spec(Rw) ⇒ Q0 = Q̂.

We denote by (A, T ), (A, Tw) the topological space A with the topologies T ,
Tw, respectively. Let us denote by Â,T , Â,Tw the completions of (A, T ), (A, Tw),
respectively.

Proposition 4.6. Â,T ∼=
∏
w∈Ω0

Â,Tw .

Proof. Since Â,Tw is a Hausdorff complete topological ring, by [?, II.3.5, Propo-
sition 10], so is the product space

∏
w∈Ω0

Â,Tw . Let fw : (A, Tw) → Â,Tw be the
canonical mapping. Then by Lemma ??, the mapping f =

∏
w∈Ω0

fw : (A, T ) →∏
w∈Ω0

Â,Tw defined by a 7→
∏
w∈Ω0

fw(a) is a continuous homomorphism and ob-
viously the conditions (a) and (b) in Definition ?? are satisfied. Now we claim
that f(A) is dense in

∏
w∈Ω0

Â,Tw . Since (A, Tw) and (A, T ) are Hausdorff, we
may identify (A, Tw) with fw(A), and (A, T ) with f(A). Let V be an open neigh-
bourhood in

∏
w∈Ω0

Â,Tw . Since by [?, III.3.4, Proposition 7], the topology on
Â,Tw is the topology with the sets Uw,α ∩A(=the closure of Uw,α ∩ A in Â,Tw),
α ∈ G+

w , as a base of zero neighbourhoods in Â,Tw , there exist
∏
w∈Ω0

yw ∈ V

and Uw1,α1 , · · · , Uwn,αn , wi ∈ Ω0, αi ∈ G+
wi such that

∏
w∈Ω0

(yw + Vw) ⊆ V ,
where Vw = Â,Tw for w 6= wi, and Vwi = Uwi,αi ∩A for i = 1, 2, · · · , n. Note
that

∏
w∈Ω0

(yw + Vw) is open in
∏
w∈Ω0

Â,Tw . Since (A, Tw) is a subspace of
(K, Tw), the closure A of A in K̂ ,Tw is complete by [?, II.3.4, Proposition 8].
Thus Â,Tw ∼= A ⊆ K̂ ,Tw . Let Uw,α be the closure of Uw,α in K̂ ,Tw . Then
Uw,α ∩A = Uw,α ∩ Â,Tw = Uŵ,α ∩ Â,Tw by Theorem ??. Since (A, Twi) is dense in
Â,Twi , there exists xi ∈ A such that xi ∈ ywi+Uŵi,αi∩Â,Twi , i.e., ŵi(xi−ywi) > αi,
i = 1, 2, · · · , n. Since w1, · · · , wn are independent, by Proposition ??, there ex-
ists a ∈ A such that wi(a − xi) > αi, i = 1, 2, · · · , n. Then, ŵi(a − ywi) =
ŵi(a− xi + xi − ywi) ≥ min(ŵi(a− xi), ŵi(xi − ywi)) > αi, i.e., a ∈ ywi + Uŵi,αi ,
i = 1, 2, · · · , n. Thus V contains an element a of A. Therefore,

∏
w∈Ω0

Â,Tw is a
completion of (A, T ), i.e.,

∏
w∈Ω0

Â,Tw ∼= Â,T .

As we can see in the proof of Proposition ??, for a Prüfer domain A, v and w
being dependent is equivalent to P (v) ∩ P (w) containing a nonzero prime ideal of
A. We define an equivalence relation ∼ on the set Spec(A)∗ by

P1 ∼ P2 if and only if P1 ∩ P2 contains a nonzero prime ideal of A.
Let C be the set of maximal chains of Spec(A)∗. The relation ∼ on C defined by

Cα ∼ Cβ if and only if P1 ∼ P2 for some P1 ∈ Cα and P2 ∈ Cβ
is also an equivalence relation. In fact,

Cα ∼ Cβ if and only if P1 ∼ P2 for all P1 ∈ Cα and all P2 ∈ Cβ .
Let {Cα}α∈Λ be the set of all equivalence classes of C. We denote by (A, C), (A,Cα)
the topological space A with the topologies C, Cα, respectively. Let us denote by
Â,C , Â,Cα the completions of (A, C), (A,Cα), respectively. Then a similar proof to
that of Proposition ?? implies the following result.

Proposition 4.7. Â,C ∼=
∏
α∈Λ Â

,Cα , where {Cα}α∈Λ is a collection of represen-
tatives of the equivalence classes of C.
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Proof. Since Â,Cα is a Hausdorff complete topological ring, by [?, II.3.5, Proposi-
tion 10], so is the product space

∏
α∈Λ Â

,Cα . Let fα : (A,Cα)→ Â,Cα be the canon-
ical mapping. Then the mapping f =

∏
α∈Λ fα : (A, C) →

∏
α∈Λ Â

,Cα defined by
a 7→

∏
α∈Λ fα(a) is a continuous homomorphism. Clearly, Ker f =

⋂
α∈ΛKer fα =⋂

P∈Cα,α∈Λ,n∈N P
n =

⋂
P∈C,n∈N P

n = {0}, the closure of {0} in (A, C). We claim
that the quotient topology of f(A) coincides with the subspace topology induced by
the product space

∏
α∈Λ Â

,Cα . Let P1, · · · , Pn ∈ Spec(A)∗, k1, · · · , kn ∈ N. Then
there exists αi ∈ Λ such that Pi ∼ P

′

i for some P
′

i ∈ Cαi , i.e., Pi ∩ P
′

i contains
a nonzero prime ideal of A. This implies that Pi contains some Qi ∈ Cαi since
Cαi is a maximal chain in Spec(A)∗. Thus Qk1

1 ∩ · · · ∩ Qknn ⊆ P k1
1 ∩ · · · ∩ P knn .

Since Qk1
1 ∩ · · · ∩ Qknn is obviously contained in the inverse image under f of the

topology of the product space
∏
α∈Λ Â

,Cα , our claim has been verified. Now by
Definition ??, it remains to show that f(A) is dense in

∏
α∈Λ Â

,Cα . Let V be
an open neighbourhood in

∏
α∈Λ Â

,Cα . Since by [?, III.3.4, Proposition 7], the
sets fα(P k) (=the closure of fα(P k) in Â,Cα), P ∈ Cα, k ∈ N, is a base of zero
neighbourhoods in Â,Cα , there exist

∏
α∈Λ yα ∈ V and P1 ∈ Cα1 , · · · , Pn ∈ Cαn ,

k1, · · · , kn ∈ N such that
∏
α∈Λ(yα + Vα) ⊆ V , where Vα = Â,Cα for α 6= αi,

Vαi = fαi(P
ki
i ) for i = 1, 2, · · · , n. Since fα(A) is dense in Â,Cα , there exist

x1, · · · , xn ∈ A such that fαi(xi) ∈ yαi + fαi(P
ki
i ). Since Cα1 , · · · , Cαn are inde-

pendent, P1, · · · , Pn are independent. Let wi be the valuation corresponding to
APi . Then w1, · · · , wn are independent, and so by Proposition ?? and Lemma
??, there exists a ∈ A such that a − xi ∈ P kii , i = 1, 2, · · · , n. Therefore,
fαi(a) − yαi = (fαi(a) − fαi(xi)) + (fαi(xi) − yαi) ∈ fαi(P

ki
i ), i = 1, 2, · · · , n.

Thus V contains an element f(a) of f(A). Therefore, f(A) is dense in
∏
α∈Λ Â

,Cα ,
and so Â,C ∼=

∏
α∈Λ Â

,Cα .

Remark 4.8. For each w ∈ Ω0, let Cw be a maximal chain in Spec(A)∗ containing
P (w). Then {Cw}w∈Ωo is the set of all equivalence classes of C. Therefore, Â,C ∼=∏
w∈Ω0

Â,Cw .

Recall that a Prüfer ring (resp., Bezout ring) is a ring in which every finitely
generated regular ideal is invertible (resp., principal). By [?, Theorem 6.2], R is
a Prüfer ring if and only if (R[M ], [M ]R[M ]) is a valuation pair for each regular
maximal ideal M of R.

Later it will turn out that Â,Cα is a Prüfer domain, a valuation domain, or a
Bezout domain in several important cases. This together with Proposition ?? and
Proposition ?? naturally leads us to consider the direct product of Prüfer domains
and Bezout domains. We show that the direct product of Prüfer domains (resp.,
Bezout domains) is a Prüfer ring (resp., Bezout ring).

Proposition 4.9. Let B =
∏
αBα. If Bα is a Prüfer domain (resp., Bezout do-

main) for each α, then B is a Prüfer ring (resp., Bezout ring).

Proof. Note that the total quotient ring T (B) of B is isomorphic to the direct
product of the quotient fields Kα of Bα. Let I = (a1, · · · , an) be a regular ideal
of
∏
αBα. Write a1 =

∏
α a1,α, · · · , an =

∏
α an,α. Since I is regular, I contains

a regular element. So we may assume that a1 is regular. It follows that a1,α 6= 0
for all α. For each α, consider the nonzero finitely generated ideal (a1,α, · · · , an,α)
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of Bα. Since Bα is a Prüfer domain (resp., Bezout domain), it is invertible (resp.,
principal). Therefore, there exist x1,α, · · · , xn,α ∈ Kα such that

∑n
i=1 ai,αxi,α = 1

and ai,αxj,α ∈ Bα for all i, j = 1, 2, · · · , n (resp., there exists aα ∈ Bα such that
(a1,α, · · · , an,α) = (aα)). Let x1 =

∏
α x1,α, · · · , xn =

∏
α xn,α ∈

∏
αKα = T (B)

(resp., let a =
∏
α aα). Then

∑n
i=1 aixi = 1 and aixj ∈

∏
αBα for all i, j =

1, 2, · · · , n. Thus I is invertible (resp., I = (a), i.e., I is principal). Therefore, B is
a Prüfer ring (resp., Bezout ring).

5. Â,T , A an h-local Prüfer domain

Let A be an h-local Prüfer domain. Denote by Â,A the completion of A in the

A-topology and ÂM
,AM

the completion of AM in the AM -topology, M ∈Max(A).

Although it is already known that Â,A ∼=
∏
M∈Max(A) ÂM

,AM
and that the T -

topology on A is the same as the A-topology[?, ?], for the sake of completeness, we
present its proof.

Theorem 5.1. Let A be an h-local Prüfer domain. Then

(1) Â,Tw = ÂM0

,AM0 , where M0 is the maximal ideal of A containing P (w).
(2) Â,T is a Bezout ring.

Proof. (1) As in Lemma ??, we can show that (A, Tw) is a subspace of AM0 with

the AM0-topology. If we show that A is dense in ÂM0

,AM0 , then Â,Tw ∼= ÂM0

,AM0 .
In fact, it suffices to show that A is dense in AM0 . Given a

s ∈ AM0 , a ∈ A,
s ∈ A \M0 and bAM0 , where b ∈ A∗, we must show that there exists c ∈ A such
that c ∈ a

s + bAM0 . If a = 0, we may choose c = 0. So we may assume that a 6= 0.
Let Ω0 = {v ∈ Ω|v is the valuation corresponding to AM , M ∈ Max(A)}. Since
A is h-local, Ω0 is a representing family of the independent valuations of Ω. Since
every nonzero element of A is contained in only a finite number of maximal ideals,
the set {v ∈ Ω0|v(as ) < 0} is finite. Let w0 be the valuation corresponding to AM0 .
By Proposition ??, there exists t ∈ A such that w0(t) = w0(b), v(t) = 0 for each
v ∈ Ω0 such that v(as ) < 0. Consider the finitely generated fractional ideal (as t,

s
a )

of A. Since A is a Prüfer domain, it has the inverse J . Let v ∈ Ω0. If v( sa ) > 0,
then v(as ) < 0 so that v(t) = 0. This implies that v(as t) = v(as ) < 0. Therefore,
v(J) ≥ 0, i.e., v(x) ≥ 0 for all x ∈ J . Thus J ⊆ ∩M∈Max(A)AM = A. Now from
(as t,

s
a )J = A, it follows that for some c1, c2 ∈ J , we have a

s tc1 + s
ac2 = 1, i.e.,

c2− a
s = −(as )2tc1, so that w0(c2− a

s ) = 2w0(as ) +w0(t) +w0(c1) ≥ w0(t) = w0(b),
i.e., c2 − a

s ∈ bAM0 .

(2) By Proposition ??, Â,T ∼=
∏
w∈Ω0

Â,Tw and by (1), Â,Tw ∼= ÂM0

,AM0 , where
M0 is the maximal ideal containing P (w). Let w0 be the valuation corresponding
to AM0 . Since every valuation domain is an h-local Prüfer domain, by Lemma ??

and Lemma ??, ÂM0

,AM0 ∼= ÂM0

,Tw0 . By Theorem ??(5), ÂM0

,Tw0 is a valuation
domain. Therefore, applying Proposition ??, we conclude that Â,T is a Bezout
ring.

6. Ê,T , E the ring of entire functions

Let A be a Prüfer domain and Cα a maximal chain in Spec(A)∗. Then the Cα-
topology is the linear topology defined by {Pn|P ∈ Cα, n ∈ N}. Therefore, by [?,
page 55], the inverse limit lim←− P∈Cα,n∈NA/P

n is the completion of (A,Cα). For each
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P ∈ Cα, we denote by Â,P the P -adic completion of A, i.e., Â,P ∼= lim←− n∈NA/P
n.

We show that lim←− P∈Cα(lim←− n∈NA/P
n) ∼= lim←− P∈Cα,n∈NA/P

n.

Lemma 6.1. Â,Cα ∼= lim←− P∈CαÂ
,P .

Proof. Since for each Q ⊆ P in Cα, there exists a natural map from A/Qn

to A/Pn, n ∈ N, there exists a natural map fPQ : Â,Q → Â,P . Therefore, we
can construct the inverse system (Â,P , fPQ). Since Â,P is a Hausdorff complete
topological ring, by [?, II.3.5, Corollary to Proposition 10], so is lim←− P∈CαÂ

,P . For
each P ∈ Cα, let fP : A → Â,P be the natural map. Then fP is the canonical
mapping of A into its P -adic completion Â,P and fPQ ◦ fQ = fP whenever Q ⊆ P .
Then the mapping f =

∏
P∈Cα fP : (A,Cα) → lim←− P∈CαÂ

,P (⊆
∏
P∈Cα Â

,P ) de-
fined by a 7→

∏
P∈Cα fP (a) is a well-defined continuous homomorphism, Ker f =⋂

P∈Cα Ker fP =
⋂
P∈Cα,n∈N P

n = {0}, the closure of {0} in (A,Cα), and ob-
viously the Cα-topology on A is the inverse image under f of the topology of
lim←− P∈CαÂ

,P . Let πP : lim←− P∈CαÂ
,P → Â,P be the natural projection. Then

πP ◦ f = fP . By [?, I.4.4, Corollary to Proposition 9], f(A)(=the closure of f(A)
in lim←− P∈CαÂ

,P ) = lim←− P∈CαπP (f(A)) (πP (f(A)) denotes the closure of πP (f(A))
in Â,P ) = lim←− P∈CαfP (A) = lim←− P∈CαÂ

,P . Thus f(A) is dense in lim←− P∈CαÂ
,P .

Therefore, Â,Cα ∼= lim←− P∈CαÂ
,P .

Lemma 6.2. Let P be a nonzero prime ideal of A. Then Â,P =
⋂
P⊆M∈Max(A)

ÂM
,PAM

, where ÂM
,PAM

is the PAM -adic completion of AM .

Proof. Since PnAP = PnAM ([?, Theorem (17.6)(b)]) and PnAM ∩ A = Pn,

n ∈ N, we obtain the natural embeddings Â,P ↪→ ÂM
,PAM

↪→ ÂP
,PAP

for all

M ∈ Max(A) containing P , so that the intersection
⋂
P⊆M∈Max(A) ÂM

,PAM
is

meaningful. Let R = A/Pn. Then by [?, Theorem 6.1], R =
⋂
N∈Max(R)R(N),

where R(N) = {ab ∈ T (R)|a, b ∈ R, b 6∈ N , and b is regular }. Since Max(R) =
{M/Pn|M ∈ Max(A) such that M ⊇ P} and Z(R)(=the set of zero divisors
of R) = P/Pn, A/Pn = R =

⋂
N∈Max(R)R(N) =

⋂
P⊆M∈Max(A)R(M/Pn) =⋂

P⊆M∈Max(A)RM/Pn =
⋂
P⊆M∈Max(A)AM/P

nAM . Therefore, Â,P ∼= lim←− n∈NA/P
n

⊆
∏
n∈NA/P

n =
∏
n∈N(

⋂
P⊆M∈Max(A)AM/P

nAM ) =
⋂
P⊆M∈Max(A)(

∏
n∈NAM

/PnAM ). Let x ∈ ÂM
,PAM

for all M ∈ Max(A) containing P . Then x ∈⋂
P⊆M∈Max(A)(

∏
n∈NAM/P

nAM ) =
∏
n∈NA/P

n. Consider the following com-
mutative diagram :

lim←− n∈NAM/P
nAM ↪→

∏
n∈NAM/P

nAM
↑ ↑

lim←− n∈NA/P
n ↪→

∏
n∈NA/P

n

Since (lim←− n∈NAM/P
nAM ) ∩ (

∏
n∈NA/P

n) = lim←− n∈NA/P
n, x ∈ lim←− n∈NA/P

n ∼=
Â,P .

Let Cα be a maximal chain in Spec(A)∗. Let Max(Cα) denote the set {M ∈
Max(A)|M contains some P ∈ Cα} and J(Cα) =

⋂
M∈Max(Cα)M . We call J(Cα)

the Jacobson radical of Cα.
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Lemma 6.3. Â,Cα =
⋂
M∈Max(Cα) ÂM

,Cα,M
, where Cα,M = {PAM |P ∈ Cα and

P ⊆M} (which is a chain in Spec(AM )∗).

Proof. If Cα has minimal element P , then the Cα-topology on A is the same as
the P -adic topology and the Cα,M -topology on AM is the same as the PAM -adic
topology. Therefore in this case Lemma ?? is just Lemma ??. Assume that Cα
has no minimal element. Let M1,M2 ∈Max(Cα). Then there exists P0 ∈ Cα such
that P0 ⊆M1∩M2. Let wi (resp., v) be the valuation corresponding to AMi

(resp.,
AP0), i = 1, 2. Since AMi

is a valuation domain and ht(PAMi
) =∞ for all PAMi

∈
Spec(AMi)

∗, ÂMi

,Cα,Mi = ÂMi

,T (AMi ) by Lemma ??. In view of Lemma ??, it is

equal to ÂMi

,Twi . Since by Theorem ??, K̂ ,Twi is the quotient field of ÂMi

,Twi and

by Lemma ??, K̂ ,Twi = K̂ ,Tv , ÂM1

,Cα,M1 and ÂM2

,Cα,M2 have the same quotient

field K̂ ,Tv . Thus, the intersection
⋂
M∈Max(Cα) ÂM

,Cα,M
is meaningful. Note that

ÂM
,Cα,M ∼= lim←− PAM∈Cα,M ÂM

,PAM ∼= lim←− P∈CαÂM
,PAM

(⊆
∏
P∈Cα ÂM

,PAM
). Let

x ∈
⋂
M∈Max(Cα) ÂM

,Cα,M
. Choose M0 ∈Max(Cα). Since x ∈ ÂM0

,Cα,M0 , we can

write x =
∏
P∈Cα xP ∈ lim←− P∈CαÂM0

,PAM0 . For each P ∈ Cα, xP ∈ ÂM
,PAM

for

all M ∈Max(Cα). In particular, xP ∈
⋂
P⊆M∈Max(Cα) ÂM

,PAM
= Â,P by Lemma

??. Thus x ∈
∏
P∈Cα Â

,P . Let M be the maximal ideal contained in Cα, i.e.,
{M} = Cα ∩Max(Cα). Consider the following commutative diagram :

lim←− P∈CαÂM
,PAM

↪→
∏
P∈Cα ÂM

,PAM

↑ ↑
lim←− P∈CαÂ

,P ↪→
∏
P∈Cα Â

,P

Since (lim←− P∈CαÂM
,PAM

) ∩ (
∏
P∈Cα Â

,P ) = lim←− P∈CαÂ
,P , x =

∏
P∈Cα xP ∈

lim←− P∈CαÂ
,P ∼= Â,Cα by Lemma ??.

Theorem 6.4. Let E be the ring of entire functions and let Cα be a maximal chain
in Spec(E)∗. Then

(1) Ê,Cα ∼= ÊMα

,Tvα , where {Mα} = Max(Cα) and vα is the valuation corre-
sponding to EMα

, and
(2) Ê,T is a Bezout ring.

Proof. (1) Ê,Cα ∼= lim←− P∈CαÊ
,P by Lemma ??. Since every nonzero prime

ideal of E is contained in a unique maximal ideal[?, Theorem 6], Max(Cα) has
only one element Mα so that by Lemma ?? and Lemma ??, lim←− P∈CαÊ

,P =

lim←− P∈CαÊMα

,PEMα ∼= ÊMα

,Cα,Mα , which is isomorphic to ÊMα

,Tvα by Lemma ??
and Lemma ??.

(2) By Lemma ??, Proposition ??, and part (1), Ê,T = Ê,C ∼=
∏
α∈Λ Ê

,Cα =∏
α∈Λ ÊMα

,Tvα . Since by Theorem ??, each ÊMα

,Tvα is a valuation domain, Propo-
sition ?? implies that Ê,T is a Bezout ring. (Note that |Λ| = |Max(E)|.)
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7. Â,T , A an SFT Prüfer domain

Let A be an SFT Prüfer domain and let Cα be a maximal chain in Spec(A)∗.
Since

⋂
P∈Cα,n∈N P

n = {0}, the topological ring (A,Cα) is Hausdorff, and so we
may assume that A ⊆ Â,Cα . For each subring B (not necessarily with identity) of
A, let us denote by B̄,Cα the closure of B in Â,Cα . In fact, by [?, II.3.4, Proposition
8], B̄,Cα can be regarded as the completion B̂,Cα of B with respect to the subspace
topology induced by (A,Cα). Henceforth we will use similar notation for other
topologies.

Although [?, Corollary 17] is stated for the finite-dimensional case, its proof is
also valid for the infinite-dimensional case. Thus every nonzero prime ideal of Â,P

is of the form Q̂,P for some prime ideal Q of A such that Q ⊇ P . This result is
crucial in proving the next result.

Lemma 7.1. Let N be a prime ideal of Â,Cα such that N ∩ A 6= (0). Then Â,CαN

is a valuation domain.

Proof. Let P0 = N ∩A. Since A is an SFT Prüfer domain, there exists a finitely
generated ideal J of A such that P 2

0 ⊆ J ⊆ P0 (Proposition ??). We claim that
P0 contains some P ∈ Cα. Note that J(lim←− P∈CαÂ

,P ) ⊆ lim←− P∈CαJÂ
,P for any

ideal J of A, where JÂ,P means fP (J)Â,P , fP the canonical mapping of A into
the P -adic completion Â,P . Since J is finitely generated, J is invertible. Let J−1

be its inverse. Choose a ∈ J\{0}. Then aJ−1 is an ideal of A. So a(lim←− P∈CαÂ
,P ) =

aJ−1J(lim←− P∈CαÂ
,P ) ⊆ aJ−1(lim←− P∈CαJÂ

,P ) ⊆ lim←− P∈CαaJ
−1JÂ,P = lim←− P∈CαaÂ

,P

= a(lim←− P∈CαÂ
,P ) (For the last equality, note the following. Since a 6= 0, a 6∈⋂

n∈N P
n for some P ∈ Cα and hence a is regular in Â,P . In fact, a is regular

in every Â,P0 such that P0 ∈ Cα and P0 ⊆ P .). Thus aJ−1J(lim←− P∈CαÂ
,P ) =

aJ−1(lim←− P∈CαJÂ
,P ). Multiplying both sides by a−1J , we get J(lim←− P∈CαÂ

,P ) =
lim←− P∈CαJÂ

,P . Note that Max(Â,P ) = {M̂ ,P |M ∈ Max(A) and M contains P}
([?, Corollary 17(2)]). If J 6⊆ M for any M ∈ Max(Cα), then JÂ,P = Â,P

for all P ∈ Cα, which implies that J(lim←− P∈CαÂ
,P ) = lim←− P∈CαÂ

,P . Now N ⊇
P0(lim←− P∈CαÂ

,P ) ⊇ J(lim←− P∈CαÂ
,P ) = lim←− P∈CαÂ

,P , a contradiction. Therefore,
J ⊆ M for some M ∈ Max(Cα), i.e., P0 ⊆ M . So P0 and P are comparable for
some P ∈ Cα. If P0 ⊆ P , then since Cα is a maximal chain in Spec(A)∗, P0 ∈ Cα.
Thus P ⊆ P0 for some P ∈ Cα.

Let v be the valuation corresponding to AP0 . Then since P0 contains some
P in Cα, the Cα-topology is the same as the Cv-topology (see Remark ??). As
in Lemma ??, we can show that the Cv-topology is the same as the Tv-topology
on A. Hence Â,Cα ⊆ K̂ ,Tv . Since by Theorem ??, K̂ ,Tv is the quotient field

of ÂP0

,Tv
, AP0 ⊆ Â,CαN ⊆ K̂ ,Tv . We give AP0 , Â,CαN the subspace topologies of

K̂ ,Tv . Then taking the completions, we get ÂP0

,Tv ⊆ ̂̂A,CαN ⊆ K̂ ,Tv . Since K̂ ,Tv

is the quotient field of ÂP0

,Tv
, ̂̂A,CαN is a valuation overring of ÂP0

,Tv
. Since by

Corollary ??, Spec(ÂP0

,Tv
) = {Q̂AP0

,Tv
|Q is a prime ideal of A contained in P0},

̂̂A,CαN = ÂP0

,Tv
Q̂AP0

,Tv for some Q ⊆ P0. We claim that Q = P0. Let P be an
arbitrary nonzero prime ideal of A contained in P0. Since A is an SFT Prüfer
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domain, there exists a finitely generated ideal I of A such that P 2 ⊆ I ⊆ P . So
the P -adic topology coincides with the I-adic topology. Since I ⊆

√
J = P0, there

exists l ≥ 1 such that I l ⊆ J . Therefore, I lÂ,I ⊆ JÂ,I = JÂ,P . Since I is finitely

generated, by [?, Theorem 17.4], I lÂ,I = Î l
,I

. Note that Î l
,I

is open in Â,I [?, III.3.4,

Proposition 7]. Since JÂ,P is an ideal of Â,P containing an open set Î l
,I

(= Î l
,P

),
JÂ,P is closed in Â,P , i.e., JÂ,P = Ĵ ,P . Therefore, JÂ,Cα = J(lim←− P∈CαÂ

,P ) ∼=
J(lim←− P∈Cα,P⊆P0Â

,P ) = lim←− P∈Cα,P⊆P0JÂ
,P = lim←− P∈Cα,P⊆P0 Ĵ

,P ∼= Ĵ ,Cα . Since

P 2
0 ⊆ J ⊆ P0, P̂ 2

0

,Cα
⊆ Ĵ ,Cα = JÂ,Cα ⊆ P0Â

,Cα ⊆ N . For each n ∈ N, we give

A/Pn0 the quotient topology of (A,Cα). Then by [?, Theorem 8.1], 0 → P̂n0
,Cα →

Â,Cα →̂A/Pn0 is exact, so that Â,Cα/P̂n0
,Cα

↪→̂A/Pn0
∼= A/Pn0 naturally. Since the

embedding is clearly onto, we have Â,Cα/P̂n0
,Cα ∼= A/Pn0 . From this, it follows that

P̂ 2
0

,Cα
is a P̂0

,Cα
-primary ideal since Pn0 is a P0-primary ideal of A, and so P̂0

,Cα ⊆
N . Now, again by [?, Theorem 8.1], we have ÂP0

,Tv
/P̂nAP0

,Tv ∼= AP0/P
nAP0 ⊇

A/Pn ∼= Â,Cα/P̂n
,Cα

, and hence P̂nAP0

,Tv
∩ Â,Cα = P̂n

,Cα
, from which it follows

that P̂nAP0

,Tv
∩ Â,CαN ⊆ (P̂nAP0

,Tv
∩ Â,Cα)Â,CαN = P̂n

,Cα
Â,CαN . Since NÂ,CαN ⊇

P̂0

,Cα
Â,CαN ⊇ P̂0AP0

,Tv
∩Â,CαN and P̂0AP0

,Tv
is open in K̂ ,Tv , NÂ,CαN is open in Â,CαN .

We give Â,CαN /NÂ,CαN the quotient topology of Â,CαN and then, Â,CαN /NÂ,CαN has the

discrete topology, so that ̂Â,CαN /NÂ,CαN
∼= Â,CαN /NÂ,CαN naturally. From the exact

sequence 0 → ̂NÂ,CαN → ̂̂A,CαN → ̂Â,CαN /NÂ,CαN ([?, Theorem 8.1]), we obtain the

natural embedding ̂̂A,CαN /̂NÂ,CαN ↪→ Â,CαN /NÂ,CαN . Since the embedding is clearly

onto, ̂̂A,CαN /̂NÂ,CαN
∼= Â,CαN /NÂ,CαN (and it is a field). Thus ̂NÂ,CαN is the unique

maximal ideal of ̂̂A,CαN , i.e., ̂NÂ,CαN = Q̂AP0

,Tv
ÂP0

,Tv
Q̂AP0

,Tv . Therefore, P0 =

N∩A = NÂ,CαN ∩A = ̂NÂ,CαN ∩A = Q̂AP0

,Tv
ÂP0

,Tv
Q̂AP0

,Tv ∩A = Q̂AP0

,Tv
∩A = Q,

where the last equality follows from the fact that ÂP0

,Tv
/Q̂AP0

,Tv ∼= AP0/QAP0 .
Thus P0 = Q.

After all, ̂̂A,CαN = ÂP0

,Tv
. Now let R = Â,CαN . Since for each nonzero prime ideal

P contained in P0, P̂nAP0

,Tv
∩R = (P̂nAP0

,Tv
∩Â,Cα)R = P̂n

,Cα
R, {P̂n

,Cα
R|(0) 6=

P ⊆ P0, n ∈ N} is a base of zero neighbourhoods in R. We claim that R is a
valuation domain. It suffices to show that aR̂ ∩ R = aR for all a ∈ R∗ since
R̂ is a valuation domain. The case when a is a unit being trivial, we may as-
sume that a is a nonunit, i.e., a ∈ NR. Since R̂ is a Hausdorff complete space,⋂

(0) 6=P⊆P0
P̂nAP0

,Tv
= (0). Since R̂ is a valuation domain, there exist a nonzero

prime ideal P contained in P0 and n ∈ N such that P̂nAP0

,Tv
⊆ aR̂. So P̂n

,Cα
R =

P̂nAP0

,Tv
∩ R ⊆ aR̂ ∩ R. Since aR̂ ∩ R ⊆

⋂
(0) 6=Q⊆P0,l∈N(aR + Q̂l

,Cα
R), aR +

P̂n
,Cα

R = aR+̂Pn+1
,Cα

R = · · · . Since A is an SFT Prüfer domain, there exists a

finitely generated ideal I of A such that P 2 ⊆ I ⊆ P . So InR ⊆ PnR ⊆ P̂n
,Cα

R ⊆
̂P 2(n+1)

,Cα
+ aR ⊆ ̂In+1

,Cα
R + aR = (In+1Â,Cα)R + aR = In+1R + aR. Thus
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aR + InR = aR + In+1R = · · · . Let R = R/aR and IR = (IR+ aR)/aR. Then
IR is a finitely generated ideal of R, IR ⊆ J(R) = NR/aR and IR

n
= IR

n+1
. By

Nakayama’s lemma, IR
n

= {0}, i.e., InR ⊆ aR. Thus aR̂ ∩R ⊆ aR + P̂ 2n
,Cα

R ⊆
aR+ InR = aR and hence aR̂ ∩R = aR.

Corollary 7.2. Let N be a prime ideal of Â,Cα such that N ∩ A 6= (0). Then the
following statements hold.

(1) N = P̂0

,Cα
, where P0 = N ∩A, and P0 contains some P ∈ Cα.

(2) Â,Cα
P̂0
,Cα

= ÂP0

,Tv ∩ q.f.(Â,Cα), where q.f.(Â,Cα) denotes the quotient field of

Â,Cα and v is the valuation corresponding to AP0 .

(3) Every prime ideal of Â,Cα contained in P̂0

,Cα
is of the form P̂ ,Cα , where

P ∈ Spec(A) and P ⊆ P0.
(4) Â,CαN is an SFT valuation domain.

Proof. (1) From the proof of Lemma ??, we have N = NÂ,CαN ∩ Â,Cα =
̂NÂ,CαN ∩ Â,Cα = P̂0AP0

,Tv
∩ Â,Cα = P̂0

,Cα
.

(2) Let R = Â,Cα
P̂0
,Cα

and R̂ = ÂP0

,Tv
. Since aR̂ ∩ R = aR for all a ∈ R∗,

R̂ ∩ q.f.(R) = R.

(3) By Corollary ??, Spec(ÂP0

,Tv
) = {P̂AP0

,Tv
|P ∈ Spec(A) contained in P0},

so that by (2) and [?, Theorem (19.16)], every prime ideal of Â,Cα contained in

P̂0

,Cα
is of the form P̂AP0

,Tv
∩ Â,Cα = P̂ ,Cα , P ⊆ P0.

(4) Since A is an SFT Prüfer domain, AP0 is an SFT valuation domain and
hence it is discrete, i.e., each branched prime ideal of AP0 is not idempotent. (For

the definition of ‘branched’, see [?, page 189].) Since by Theorem ??, ÂP0

,Tv
is a

valuation domain with the value group Gv̂ = Gv, by [?, Exercise 22, page 205],

ÂP0

,Tv
is also discrete, and hence by (2) and [?, Theorem (19.16)(b)], so is Â,CαN .

Now we claim that every nonzero prime ideal of the valuation domain Â,CαN is
branched, i.e., it is the radical of a principal ideal([?, Theorem (17.3)]). By (3),
every nonzero prime ideal of Â,CαN is of the form P̂ ,CαÂ,CαN for some P ∈ Spec(A)∗

such that P ⊆ P0. Since A is an SFT Prüfer domain, there exists a finitely generated
ideal J such that P 2 ⊆ J ⊆ P . In the proof of Lemma ??, we have shown that

P̂ 2
,Cα
⊆ Ĵ ,Cα = JÂ,Cα ⊆ P̂ ,Cα and P̂ 2

,Cα
is a P̂ ,Cα -primary ideal of Â,Cα , so that

P̂ ,CαÂ,CαN =
√
JÂ,CαN . Since J is finitely generated and Â,CαN is a valuation domain,

JÂ,CαN is principal. So no nonzero prime ideal of Â,CαN is idempotent. Thus since
every nonzero prime ideal of Â,CαN is a radical of a finitely generated ideal and it is
not idempotent, the conclusion follows from Proposition ?? and Theorem ??.

Recall that J(Cα) =
⋂
M∈Max(Cα)M . Since in an h-local Prüfer domain and the

ring of entire functions, the condition J(Cα) 6= {0} is obviously satisfied, we are
naturally led to consider the SFT Prüfer domain A with the condition J(Cα) 6= {0}
for all maximal chains in Spec(A)∗.

Lemma 7.3. J(Cα) 6= {0} if and only if there exists a prime ideal P0 ∈ Cα such
that P0 ⊆ J(Cα).
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Proof. Assume that J(Cα) 6= {0}. Since J(Cα) =
⋂
M∈Max(Cα)M , J(Cα) is

a nonzero radical ideal of A. Since A is an SFT Prüfer domain, by Proposition
??(2), J(Cα) has only finitely many minimal prime divisors, say P1, P2, · · · , Pn.
By rearranging, we may assume that there exists k(1 ≤ k ≤ n) such that for i ≤ k,
Pi ⊆ M for some M ∈ Max(Cα) and for i > k, Pi 6⊆ M for any M ∈ Max(Cα).
Let βi = {M ∈ Max(Cα)|M ⊇ Pi}, i = 1, · · · , k. Then Max(Cα) =

⋃k
i=1 βi.

Choose Mi ∈ βi, i = 1, · · · , k. By the definition of Max(Cα), Mi ∼ Mj for
all i, j = 1, · · · , k. Since Pi ∼ Mi for all i = 1, · · · , k, Pi ∼ Pj for all i, j =
1, · · · , k. Therefore, there exists a prime ideal P0 ∈ Cα such that P0 ⊆

⋂k
i=1 Pi ⊆⋂k

i=1(
⋂
M∈βiM) =

⋂
M∈Max(Cα)M = J(Cα).

Lemma 7.4. If J(Cα) 6= {0}, then q.f.(Â,Cα) = Â,CαA\{0}.

Proof. By Lemma ??, there exists a prime ideal P0 ∈ Cα such that P0 ⊆ J(Cα).

Recall that Â,Cα =
⋂
M∈Max(Cα) ÂM

,Cα,M
(Lemma ??) and ÂM

,Cα,M ⊆ ÂP0

,Cα,P0 .
Choose a ∈ P0\{0}. Then for each prime ideal P ∈ Cα contained in P0 and for each

M ∈ Max(Cα), aÂP0

,PAP0 = a(lim←− n∈NAP0/P
nAP0) = lim←− n∈Na(AP0/P

nAP0) ⊆

lim←− n∈NP0AP0/P
nAP0 = lim←− n∈NP0AM/P

nAM ⊆ lim←− n∈NAM/P
nAM = ÂM

,PAM
.

From this and Lemma ??, we have aÂP0

,Cα,P0 ∼= a(lim←− PAP0∈Cα,P0
ÂP0

,PAP0 ) =

lim←− PAP0∈Cα,P0
aÂP0

,PAP0 ⊆ lim←− P∈Cα,P⊆P0ÂM
,PAM ∼= ÂM

,Cα,M
, M ∈ Max(Cα).

Now aÂP0

,Cα,P0 ⊆
⋂
M∈Max(Cα) ÂM

,Cα,M
= Â,Cα , which implies that Â,CαA\{0} =

ÂP0

,Cα,P0

A\{0} = ÂP0

,Cα,P0

AP0\{0}
. Since A is an SFT Prüfer domain, ÂP0

,Cα,P0 = ÂP0

,Tv

(Lemma ??), where v is the valuation corresponding to AP0 . Since by Theorem

??(6), q.f.(ÂP0

,Tv
) = ÂP0

,Tv
AP0\{0}

, we conclude that q.f.(ÂP0

,Cα,P0 ) = q.f.(Â,Cα) =

Â,CαA\{0}.

Theorem 7.5. Let A be an SFT Prüfer domain such that J(Cα) 6= {0} for all
maximal chains Cα ∈ Spec(A)∗. Then

(1) Spec(Â,Cα) = {(0)} ∪ {P̂0

,Cα |P0 is a prime ideal of A containing some P ∈
Cα} and Max(Â,Cα) = {M̂ ,Cα |M ∈Max(Cα)},

(2) Â,Cα
P̂0
,Cα

= ÂP0

,Tv
for every P̂0

,Cα ∈ Spec(Â,Cα)∗, where v is the valuation
corresponding to AP0 ,

(3) Â,Cα is an SFT Prüfer domain,
(4) Â,T is a Prüfer ring. Moreover it is an SFT-ring if and only if |Ω0| < ∞,

i.e., the number of independent valuation overrings of A is finite.

Proof. Let N be a prime ideal of Â,Cα such that N ∩A = (0). Then NÂ,CαA\{0} is

a prime ideal of Â,CαA\{0}. Since by Lemma ??, Â,CαA\{0} = q.f.(Â,Cα), NÂ,CαA\{0} = (0),
i.e., N = (0). Therefore, (1) and (2) immediately follow from Corollary ?? (for (2),

note that ÂP0

,Tv ⊆ q.f.(ÂP0

,Tv
) = Â,CαA\{0} as is shown in the proof of Lemma ??).

(3) From (1) and (2), it follows that Â,Cα is a Prüfer domain. Now let N be a

nonzero prime ideal of Â,Cα . Then N = P̂0

,Cα
, P0 = N ∩ A(6= (0)). Since A is an

SFT Prüfer domain, there exists a finitely generated ideal J such that P 2
0 ⊆ J ⊆ P0.
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In the proof of Lemma ??, we have shown that P̂ 2
0

,Cα
⊆ Ĵ ,Cα = JÂ,Cα ⊆ P̂0

,Cα
and

P̂ 2
0

,Cα
is a P̂0

,Cα
-primary ideal, so that P̂0

,Cα
=
√
JÂ,Cα . Since by Corollary ??(4),

Â,CαN is an SFT valuation domain, NÂ,CαN 6= (NÂ,CαN )2. This implies N 6= N2, i.e.,

P̂0

,Cα 6= (P̂0

,Cα
)2. Then by Proposition ?? and Theorem ??, Â,Cα is an SFT Prüfer

domain.
(4) By Lemma ?? and Proposition ??, Â,T = Â,C ∼=

∏
α∈Λ Â

,Cα . Since each
Â,Cα is a Prüfer domain, by Proposition ??, Â,T is a Prüfer ring.

Now for the second claim, consider the ideal
∑
α∈Λ Â

,Cα of
∏
α∈Λ Â

,Cα , where
Λ is the index set for a representing family of the independent maximal chains in
Spec(A)∗, i.e., {Cα}α∈Λ is a collection of representatives of the equivalence classes of
C. Note that by Remark ??, |Λ| = |Ω0|. For each element x ∈

∏
α∈Λ Â

,Cα , write x =∏
α∈Λ xα. If

∑
α∈Λ Â

,Cα is an SFT-ideal, then there exist a finitely generated ideal
(x1, · · · , xn) ⊆

∑
α∈Λ Â

,Cα and a positive integer k such that xk ∈ (x1, · · · , xn) for
all x ∈

∑
α∈Λ Â

,Cα . Since xi ∈
∑
α∈Λ Â

,Cα , there exists a finite subset Λi of Λ
such that xi,α = 0 for all α ∈ Λ \ Λi. Therefore, xkα = 0 for all x ∈

∑
α∈Λ Â

,Cα ,
α ∈ Λ \

⋃n
i=1 Λi. Since Â,Cα is an integral domain, this implies that xα = 0 for all

x ∈
∑
α∈Λ Â

,Cα , α ∈ Λ \
⋃n
i=1 Λi. This is impossible if Λ 6=

⋃n
i=1 Λi. Thus in order

that
∏
α∈Λ Â

,Cα is an SFT-ring, we must have |Λ| <∞.
Conversely, assume that |Λ| < ∞, say Λ = {α1, · · · , αn}. Then Â,T = Â,Cα ∼=

Â,Cα1 ⊕ · · · ⊕ Â,Cαn . Since by (3), Â,Cαi is an SFT Prüfer domain and every prime
ideal of Â,T is of the form Â,Cα1 ⊕· · ·⊕ Â,Cαi−1 ⊕Qi⊕ Â,Cαi+1 ⊕· · ·⊕ Â,Cαn , where
Qi is a prime ideal of Â,Cαi , Â,T is an SFT-ring by Proposition ??(1).

For an integral domainA and a prime ideal P ofA, A[[X1, · · · , Xn]]P+(X1,··· ,Xn) 6=
AP [[X1, · · · , Xn]] unless P is the unique maximal ideal of A. Interestingly it turns
out that A[[X1, · · · , Xn]]P+(X1,··· ,Xn)/(X1 − a1, · · · , Xn − an) = AP [[X1, · · · , Xn]]/
(X1 − a1, · · · , Xn − an) for all a1, · · · , an ∈ A provided that A is an SFT Prüfer
domain. First we show that for an SFT Prüfer domain A and a1, · · · , an ∈ A,
Â,(a1,··· ,an) ∼= A[[X1, · · · , Xn]]/(X1 − a1, · · · , Xn − an), which is well-known in the
case when A is a Noetherian domain.

Theorem 7.6. Let A be an SFT Prüfer domain and a1, · · · , an ∈ A. Then the
(a1, · · · , an)-adic completion Â,(a1,··· ,an) of A is isomorphic to the ring A[[X1, · · · ,
Xn]]/(X1 − a1, · · · , Xn − an).

Proof. Since by [?, Theorem 17.5], Â,(a1,··· ,an) ∼= A[[X1, · · · , Xn]]/(X1 − a1, · · · ,
Xn − an), where (X1 − a1, · · · , Xn − an) is the closure of the ideal (X1−a1, · · · , Xn−
an) in A[[X1, · · · , Xn]] with respect to the (X1, · · · , Xn)-adic topology, it suffices to
show that (X1 − a1, · · · , Xn − an) = (X1 − a1, · · · , Xn − an). Since (X1 − a1, · · · ,
Xn − an) =

⋂∞
m=1

(
(X1 − a1, · · · , Xn − an) + (X1, · · · , Xn)m

)
=
⋂∞
m=1

(
(X1 −

a1, · · · , Xn− an) + (a1, · · · , an)m
)
, we have (X1 − a1, · · · , Xn − an)/(X1− a1, · · · ,

Xn−an) =
⋂∞
m=1(a1, · · · , an)m

(
A[[X1, · · · , Xn]]/(X1−a1, · · · , Xn−an)

)
. So it suf-

fices to show that
⋂∞
m=1(a1, · · · , an)m

(
A[[X1, · · · , Xn]]/(X1 − a1, · · · , Xn − an)

)
=

{0}. We will use induction on n. The case n = 1 is clear by [?, Proposition 3.4].
Suppose

⋂∞
m=1(a1, · · · , an−1)m

(
A[[X1, · · · , Xn−1]]/(X1 − a1, · · · , Xn−1 − an−1)

)
=

{0}. Now we consider
⋂∞
m=1(a1, · · · , an)m

(
A[[X1, · · · , Xn]]/(X1−a1, · · · , Xn−an)

)
.

Let R = A[[X1, · · · , Xn]]/(X1 − a1, · · · , Xn − an). Then R ∼=
(
A[[X1]]/(X1 −
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a1)
)
[[X2, · · · , Xn]]/(X2−a2, · · · , Xn−an) ∼= Â,(a1)[[X2, · · · , Xn]]/(X2−a2, · · · , Xn−

an). If a1 = 0, then since Â,(a1) = A, R ∼= A[[X2, · · · , Xn]]/(X2− a2, · · · , Xn− an).
Therefore, by induction hypothesis, the conclusion follows. If a1 is a unit in
A, then X1 − a1 is also a unit in A[[X1, · · · , Xn]], which implies R = {0}. In
this case, clearly

⋂∞
m=1(a1, · · · , an)mR = {0}. So we may assume that a1 is a

nonzero nonunit element in A. Let {P1, · · · , Pk} be the set of minimal prime di-
visors of a1A. Then Â,(a1) ∼= Â,P1 ⊕ · · · ⊕ Â,Pk (see [?, Theorem 15]). Therefore,
R ∼= Â,P1 [[X2, · · · , Xn]]/(X2 − a2, · · · , Xn − an) ⊕ · · · ⊕ Â,Pk [[X2, · · · , Xn]]/(X2 −
a2, · · · , Xn − an). To prove

⋂∞
m=1(a1, · · · , an)mR = {0}, it suffices to show that⋂∞

m=1(a1, · · · , an)m
(
Â,Pi [[X2, · · · , Xn]]/(X2 − a2, · · · , Xn − an)

)
= {0} for all i =

1, 2, · · · , k. Note that Â,Pi is an SFT Prüfer domain with Spec(Â,Pi) = {(0)} ∪
{Q̂,Pi |Q ∈ Spec(A) and Q ⊇ Pi} ([?, Theorem 15 and Corollary 17], where the proof
of Corollary 17 is also valid for the infinite-dimensional case). Therefore, by induc-

tion hypothesis, Â,Pi [[X2, · · · , Xn]]/(X2 − a2, · · · , Xn − an) ∼= ̂̂
A,Pi

,(a2,··· ,an)Â,Pi

.

Case I : (a2, · · · , an)Â,Pi = {0}. Then
⋂∞
m=1(a1, · · · , an)m ̂̂A,Pi ,(a2,··· ,an)Â,Pi

=⋂∞
m=1(a1, · · · , an)mÂ,Pi =

⋂∞
m=1 a

m
1 Â

,Pi ⊆
⋂∞
m=1 P

m
i Â

,Pi ⊆
⋂∞
m=1 P̂

m
i

,Pi
= {0}

since Â,Pi is complete with respect to the linear topology determined by {P̂mi
,Pi}m∈N.

Case II : (a2, · · · , an)Â,Pi = Â,Pi . Then ̂̂
A,Pi

,(a2,··· ,an)Â,Pi

= {0} and hence⋂∞
m=1(a1, · · · , an)m ̂̂A,Pi ,(a2,··· ,an)Â,Pi

= {0}.
Case III : (a2, · · · , an)Â,Pi is a nonzero proper ideal of Â,Pi . Since Â,Pi is

an SFT Prüfer domain, ̂̂A,Pi ,(a2,··· ,an)Â,Pi

∼= ̂̂
A,Pi

,Q̂i1
,Pi

⊕ · · · ⊕ ̂̂A,Pi ,Q̂iki ,Pi , where

{Q̂i1
,Pi
, · · · , Q̂iki

,Pi} is the set of minimal prime divisors of (a2, · · · , an)Â,Pi . Note
that Qij ∈ Spec(A) and Qij ⊇ Pi 3 a1 for all i = 1, 2, · · · , k; and j = 1, 2, · · · , ki.

Therefore,
⋂∞
m=1(a1, · · · , an)m ̂̂A,Pi ,Q̂ij ,Pi ⊆

⋂∞
m=1Q

m
ij
̂̂
A,Pi

,Q̂ij
,Pi

⊆

⋂∞
m=1

̂(
Q̂ij

,Pi)m,Q̂ij ,Pi = {0} since ̂̂A,Pi ,Q̂ij ,Pi is complete with respect to the linear

topology determined by {
̂(
Q̂ij

,Pi)m,Q̂ij ,Pi}m∈N. This implies that
⋂∞
m=1(a1, · · · ,

an)m ̂̂A,Pi ,(a2,··· ,an)Â,Pi

= {0}. Thus the conclusion follows.

Next we provide an equivalent condition for an SFT Prüfer domain to be ana-
lytically irreducible (with respect to a given ideal-adic topology).

Corollary 7.7. Let A be an SFT Prüfer domain and a1, · · · , an ∈ A. Then

(1) (X1 − a1, · · · , Xn − an) is a prime ideal of A[[X1, · · · , Xn]] if and only if√
(a1, · · · , an) is a prime ideal of A.

(2) (X1 − a1, · · · , Xn − an) is a radical ideal of A[[X1, · · · , Xn]].

Proof. (1) follows from the above Theorem and [?, Theorem 15]. Since by
[?, Theorem 15], Â,(a1,··· ,an) is a direct product of finite number of SFT Prüfer
domains, (2) follows from (1).



ON MOCKOR’S QUESTION 19

Proposition 7.8. Let A be an SFT Prüfer domain, P a prime ideal of A, and
a1, · · · , an ∈ A. Then A[[X1, · · · , Xn]]P+(X1,··· ,Xn)/(X1 − a1, · · · , Xn − an) ∼=
AP [[X1, · · · , Xn]]/(X1 − a1, · · · , Xn − an).

Proof. If (a1, · · · , an) 6⊆ P , then both sides are {0}. So we may assume that
(a1, · · · , an) ⊆ P . If P = (0), then both sides are K, the quotient field of A. So we
may assume that P 6= (0). Note A[[X1, · · · , Xn]]P+(X1,··· ,Xn)/(X1 − a1, · · · , Xn −
an) ∼=

(
A[[X1, · · · , Xn]]/(X1 − a1, · · · , Xn − an)

)
P+(X1,··· ,Xn)/(X1−a1,··· ,Xn−an)

∼=
Â
,(a1,··· ,an)

P̂ ,(a1,··· ,an) by Theorem ??. Let {P1, · · · , Pk} be the set of minimal prime divisors

of (a1, · · · , an) and P1 ⊆ P . Then by [?, Theorem 15], Â,(a1,··· ,an) ∼= Â,P1⊕· · ·⊕Â,Pn
and P̂ ,(a1,··· ,an) = PÂ,(a1,··· ,an) ∼= PÂ,P1 ⊕ PÂ,P2 ⊕ · · · ⊕ PÂ,Pn ∼= P̂ ,P1 ⊕ Â,P2 ⊕
· · · ⊕ Â,Pk (note that Pi 6⊆ P and P 6⊆ Pi for all i = 2, · · · , k, so that P + Pi =
A). Therefore, Â,(a1,··· ,an)

P̂ ,(a1,··· ,an)
∼= Â,P1

P̂ ,P1
. On the other hand, AP [[X1, · · · , Xn]]/(X1 −

a1, · · · , Xn − an) ∼= ÂP
,(a1,··· ,an)AP ∼= ÂP

,P1AP
by Theorem ?? and the fact that

AP is an SFT Prüfer domain. Thus to prove the proposition, it suffices to show

that Â,P1

P̂ ,P1
∼= ÂP

,P1AP
. Following Arnold’s notation, put B(P1) :=

⋂∞
m=1 P

m
1 ,

which is the prime ideal of A just below P1, and let Ā = A/B(P1), P̄1 = P1/B(P1),
P̄ = P/B(P1). Note that Ā is an SFT Prüfer domain, P̄1 is a height one prime ideal

of Ā, Â,P1

P̂ ,P1
∼= ̂̄A,P̄1̂̄P ,P̄1 , and ÂP

,P1AP ∼= ̂̄AP̄ ,P̄1ĀP̄
. Therefore, we may assume that P1

is a height one prime ideal of A. Let Cα be a maximal chain in Spec(A)∗ containing

P1. Then clearly Â,Cα = Â,P1 and hence by Theorem ??, Â,P1

P̂ ,P1
= ÂP

,P1AP
. Now

the conclusion follows.

8. T̂ -Prüfer ring

Mockor[?] introduced the notion of a F-Prüfer ring. He defines a F-Prüfer ring
to be a commutative ring R with identity and the total quotient ring T (R) in
which for every maximal regular ideal M of R, (R[M ], [M ]R[M ]) is a valuation pair
associated with a valuation w on T (R) such that w is continuous in F , where F is
a topology on the ring T (R).

Again, let A be a Prüfer domain with quotient field K and let Ω be the family of
nontrivial valuations on K which are nonnegative on A and put T = sup{Tw|w ∈
Ω}. If (K̂ ,Tw , T̂w) and (K̂ ,T , T̂ ) are the completions of (K, Tw) and (K, T ), respec-
tively, we denote by ŵ and w̃ the continuous extensions of w on K̂ ,Tw and K̂ ,T ,
respectively. It is well known that ŵ is a valuation on the field K̂ ,Tw and T̂w = Tŵ
(Theorem ??). In [?], Mockor proved that w̃ is a (Manis) valuation on K̂ ,T for any
w ∈ Ω and that T̂ = sup{Tw̃|w ∈ Ω}.

Mockor[?] asked if there exists a Prüfer domain A such that Â is not a T̂ -Prüfer
ring or such that Â,T is a Prüfer ring but not a T̂ -Prüfer ring. In this section, we
answer Mockor’s question by constructing some examples. We show that (1) the
completion Â,T of an h-local Prüfer domain is a T̂ -Prüfer ring ⇔ |Max(A)| <∞,
(2) the completion Ê,T of the ring E of entire functions is not a T̂ -Prüfer ring, (3)
the completion D̂,T of a Dedekind domain is a T̂ -Prüfer ring⇔ |Spec(D)| <∞, and
(4) the completion Â,T of an SFT Prüfer domain with J(Cα) 6= {0} for all maximal
chains Cα is a T̂ -Prüfer ring⇔ there exist only finitely many independent valuation
overrings of A. In the cases (1), (3), and (4), every nonminimal prime ideal of Â,T
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is of the form P̂ ,T , where P is a nonzero prime ideal of A. In order to show these,
we begin with quoting his result.

Theorem 8.1. [?, Theorem 14] Let A be a Prüfer domain. Then the following
conditions are equivalent.

(1) Â,T is a T̂ -Prüfer ring.
(2) Every maximal regular ideal of Â,T is open in Â,T and Rŵ = (Â,Tw)P (ŵ) for

every w ∈ Ω, where P (ŵ) is the center of Rŵ on Â,Tw .

Proposition 8.2. Let A be an h-local Prüfer domain, the ring of entire functions,
or an SFT Prüfer domain such that J(Cα) 6= {0} for all maximal chains Cα ∈
Spec(A)∗. Then Rŵ = Â,TwP (ŵ) for every w ∈ Ω.

Proof. Let A be an h-local Prüfer domain. Since A ⊆ Rw ⊆ K, Â,Tw ⊆
R̂w

,Tw
= Rŵ ⊆ K̂ ,Tw . By Theorem ??, Â,Tw = ÂM0

,Tw0 , where M0 is the unique
maximal ideal of A containing P (w) and w0 is the valuation corresponding to AM0 .
By applying Lemma ?? and Theorem ??(6) to AM0 with Ω0(AM0) = {w} and

Ω0(AM0) = {w0}, we deduce K̂ ,Tw = K̂ ,Tw0 = q.f.(ÂM0

,Tw0 ). Thus since K̂ ,Tw is
the quotient field of Â,Tw , Rŵ is an overring of the valuation domain Â,Tw , and so
Rŵ = Â,TwP (ŵ).

Now let E be the ring of entire functions. Then by Theorem ??, Ê,Tw = ÊM0

,Tw0 ,
where M0 is the unique maximal ideal of A containing P (w) and w0 is the valuation
corresponding to EM0 . From the same argument as above, it follows that Rŵ =
Ê,TwP (ŵ).

The case when A is an SFT Prüfer domain follows directly from Theorem ??(5)
and Theorem ??(2).

Thus in an h-local Prüfer domain, the ring of entire functions and an SFT Prüfer
domain such that J(Cα) 6= {0} for all maximal chains in Spec(A)∗, the second
condition in Theorem ??(2) is satisfied. Therefore, to determine whether Â,T is a
T̂ -Prüfer ring, it suffices to check whether every maximal regular ideal of Â,T is
open in Â,T .

Lemma 8.3. Let A be a Prüfer domain and Ω0 a representing family of the inde-
pendent valuations in Ω. Assume that each nonzero element a of A is a nonunit in
Â,Tw for only finitely many w’s in Ω0. Then if |Ω0| = ∞, Â,T is not a T̂ -Prüfer
ring.

Proof. Recall that Â,T ∼=
∏
w∈Ω0

Â,Tw (Proposition ??). Note that if |Ω0| =∞,
then

∑
w∈Ω0

Â,Tw is a proper ideal of
∏
w∈Ω0

Â,Tw . Since w is a nontrivial valuation

on K, Â,Tw is an integral domain which is not a field. (Note that Â,Tw ⊆ ÂP (w)

,Tw
⊆

K̂ ,Tw and ̂P (w)AP (w)

,Tw
∩A = P (w).) For each w ∈ Ω0, choose a nonzero nonunit

element aw in Â,Tw . Then
∑
w∈Ω0

Â,Tw + (
∏
w∈Ω0

aw) 6=
∏
w∈Ω0

Â,Tw . For oth-
erwise, there exist

∏
w∈Ω0

xw ∈
∑
w∈Ω0

Â,Tw and
∏
w∈Ω0

yw ∈
∏
w∈Ω0

Â,Tw such
that 1 =

∏
w∈Ω0

xw + (
∏
w∈Ω0

aw)(
∏
w∈Ω0

yw). Since xw = 0 for almost all (that
is, for all but a finite number of) w ∈ Ω0, awyw = 1 for almost all w ∈ Ω0. This
contradicts our choice of aw’s.
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Now let N be a maximal ideal of Â,T containing
∑
w∈Ω0

Â,Tw + (
∏
w∈Ω0

aw).
Since

∏
w∈Ω0

aw is a regular element of Â,T , N is a regular maximal ideal of Â,T .
Now we claim that

∑
w∈Ω0

Â,Tw + (
∏
w∈Ω0

a) = Â,T for all a ∈ A \ {0}. Let
{w1, w2, · · · , wn} be the finite subset of Ω0 consisting of those elements w’s such
that a is a nonunit in Â,Tw . For each w 6= wi, let bw be the inverse of a in Â,Tw .
Put x =

∏
w∈Ω0

xw, where xw = bw for w 6= wi, xwi = 0 for i = 1, 2, · · · , n,
and y =

∏
w∈Ω0

yw, where yw = 0 for w 6= wi, ywi = 1 for i = 1, 2, · · · , n.
Then x ∈

∏
w∈Ω0

Â,Tw , y ∈
∑
w∈Ω0

Â,Tw , and y + x(
∏
w∈Ω0

a) = 1. Therefore,
N ∩ A = (0). If N is open in Â,T , then N ∩ A is also open in A. But since (0) is
not open in A, N is not open in Â,T . Then by Theorem ??, Â,T is not a T̂ -Prüfer
ring.

Theorem 8.4. Let A be an h-local Prüfer domain. Then Â,T is a T̂ -Prüfer ring
if and only if |Max(A)| <∞.

Proof. Note that Ω0 = {w ∈ Ω|w is the valuation corresponding to AMw
,

Mw ∈ Max(A)} is a representing family of the independent valuations in Ω. By

Theorem ??, Â,Tw = ÂMw

,Tw
and by Theorem ?? and Corollary ??, ÂMw

,Tw
is a

valuation domain with the maximal ideal M̂wAMw

,Tw
. Since M̂wAMw

,Tw
∩A = Mw,

each nonzero element a of A is a nonunit in Â,Tw for only finitely many w’s in Ω0.
So by Lemma ??, the “only if” part follows.

Now assume that Max(A) = {M1, · · · ,Mn}. Then Â,T ∼= Â,Tw1 ⊕ · · · ⊕ Â,Twn ,
where wj is the valuation corresponding to AMj

, j = 1, 2, · · · , n. Let N be a
(regular) maximal ideal of Â,T . Then N = Â,Tw1 ⊕ · · · ⊕ Â,Twi−1 ⊕Ni ⊕ Â,Twi+1 ⊕
· · · ⊕ Â,Twn , where Ni is a maximal ideal of Â,Twi . Note that Â,T[N ]

∼= K̂ ,Tw1 ⊕ · · · ⊕
K̂ ,Twi−1 ⊕ Â,TwiNi

⊕ K̂ ,Twi+1 ⊕· · ·⊕ K̂ ,Twn and Â,TwiNi
= Â,Twi . By the same argument

as in Proposition ?? (or see [?, Lemma 8]), we can show that K̂ ,T ∼= K̂ ,Tw1 ⊕ · · · ⊕
K̂ ,Twn . Let vi : K̂ ,T ∼=

∏n
j=1 K̂

,Twj → Gwi ∪ {∞} be given by x = (x1, · · · , xn) 7→
ŵi(xi). Then vi is a (Manis) valuation on K̂ ,T and a continuous extension of wi.
So vi = w̃i. Since Rvi = K̂ ,Tw1 ⊕ · · · ⊕ K̂ ,Twi−1 ⊕ Rŵi ⊕ K̂

,Twi+1 ⊕ · · · ⊕ K̂ ,Twn ,
which is equal to Â,T[N ] and vi = w̃i is continuous in T̂ , Â,T is a T̂ -Prüfer ring.

Since every Dedekind domain is an h-local Prüfer domain, from the above theo-
rem, we obtain

Corollary 8.5. Let A be a Dedekind domain. Then Â,T is a T̂ -Prüfer ring if and
only if A has only finitely many prime ideals.

Theorem 8.6. Let E be the ring of entire functions. Then Ê,T is a Prüfer ring
but not a T̂ -Prüfer ring.

Proof. Let Ω0 = {w ∈ Ω(E)|P (w) ∈ Max(E)}, Ω1 = {w ∈ Ω0|P (w) is a
maximal fixed ideal}, and Ω2 = {w ∈ Ω0|P (w) is a maximal free ideal}. Since
Ω0 = Ω1∪̇Ω2, Ê,T ∼=

∏
w∈Ω0

Ê,Tw = (
∏
w∈Ω1

Ê,Tw) ⊕ (
∏
w∈Ω2

Ê,Tw)(Proposition
??). Recall that {(X − α)|α ∈ C} is the set of all fixed maximal ideals of E
and for each f ∈ E \ {0}, Z(f), which is the set of zeros of f , is a countable
discrete set with no limit point in the open complex plane [?, p 146]. Let I =
{
∏
w∈Ω1

yw ∈
∏
w∈Ω1

Ê,Tw |yw = 0 except for countably many w’s }. Then since
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|Ω1| = c, where c is the cardinal number of the continuum, I is a proper ideal
of
∏
w∈Ω1

Ê,Tw . For each w ∈ Ω1, let P (w) = (X − αw), αw ∈ C. Then clearly
I + (

∏
w∈Ω1

(X − αw)) 6=
∏
w∈Ω1

Ê,Tw . Let N be a maximal ideal of
∏
w∈Ω1

Ê,Tw

containing I + (
∏
w∈Ω1

(X − αw)). Since
∏
w∈Ω1

(X − αw) is a regular element of∏
w∈Ω1

Ê,Tw , N is regular. Since for each f ∈ E \ {0}, Z(f) is a countable set, f is
a nonunit in Ê,Tw only for countably many w’s in Ω1 and hence as in Lemma ??,
we can show that I + (

∏
w∈Ω1

f) =
∏
w∈Ω1

Ê,Tw for all f ∈ E \ {0}. This implies
that N ∩ E = (0). Let N0 = N ⊕ (

∏
w∈Ω2

Ê,Tw). Then N0 is a regular maximal
ideal of Ê,T such that N0 ∩ E = (0). Then by Theorem ?? and Theorem ??, Ê,T

is a Prüfer ring which is not a T̂ -Prüfer ring.

Theorem 8.7. Let A be an SFT Prüfer domain such that for each maximal chain
Cα in Spec(A)∗, J(Cα) 6= {0}. Then Â,T is a T̂ -Prüfer ring if and only if |Ω0| <
∞.

Proof. For each w ∈ Ω0, let P (w) be the center of Rw on A. As in Remark
??, let Cw be a maximal chain in Spec(A)∗ containing P (w). Then since A is an
SFT Prüfer domain, Â,Tw = Â,Cw for all w ∈ Ω0 (Lemma ??). Since J(Cw) 6= {0},
Spec(Â,Cw) = {(0)} ∪ {P̂0

,Cw |P0 contains some P ∈ Cw} by Theorem ??. Note

that P̂0

,Cw ∩A = P0. Now let a be a nonzero element of A. Since A is an SFT-ring,
(a) has only finitely many minimal prime divisors, say P1, · · · , Pn (Proposition ??).
For each i, let wi ∈ Ω0 be the valuation such that Pi ∼ P (wi). We claim that a
is a unit in Â,Cw for all w 6= wi. Assume the contrary. Then a is a nonunit in
Â,Cw for some w 6= wi and hence a ∈ M̂ ,Cw for some M̂ ,Cw ∈ Max(Â,Cw). Since
a ∈ M = M̂ ,Cw ∩ A, Pi ⊆ M for some i. This implies that Pi ∼ M . Moreover
since M ∼ P (w), P (wi) ∼ P (w). By the definition of Ω0, w = wi, a contradiction.
Therefore, by Lemma ??, the “only if” part follows.

Now let Ω0 = {w1, · · · , wn}. Since J(Cwj ) 6= {0} for all j = 1, · · · , n, K̂ ,Twj =
q.f.(Â,Cwj ) by Lemma ??. Let Ni be a maximal ideal of Â,Cwi . Then by Theorem

??(2), Ni = M̂ ,Cwi where M = Ni ∩ A and Â
,Cwi
Ni

= ÂM
,Twi = Rŵi . The same

argument as in the proof of Theorem ?? allows us to conclude that Â,T is a T̂ -Prüfer
ring.

Remark 8.8. (1) It is easy to see that the collection {J(Cα)}α∈Λ is independent of
a particular representing family {Cα}α∈Λ of the maximal chains in Spec(A)∗. Then
what matters in Theorem ?? is whether there exists a representing family {Cα}α∈Λ

of the maximal chains in Spec(A)∗ such that J(Cα) 6= {0} for each α ∈ Λ.
(2) Facchini’s existence theorem (Theorem ??) and Lemma ?? provide a lot

of SFT Prüfer domains satisfying the various conditions such as J(Cα) = {0},
J(Cα) 6= {0}, |Ω0| =∞, and |Ω0| <∞.

(3) Since every Dedekind domain is just a 1-dimensional SFT Prüfer domain,
Corollary ?? also follows from Theorem ??.

(4) Let A be an h-local Prüfer domain, the ring of entire functions, or an SFT
Prüfer domain such that J(Cα) 6= {0} for all maximal chains Cα ∈ Spec(A)∗.
In each case, we can see that Spec(Â,Tw) = {(0)} ∪ {P̂ ,Tw |P ∈ Spec(A)∗ such
that P ∼ P (w)}, w ∈ Ω (Corollary ??, Theorem ??, Theorem ??, and Theorem
??). Since by Proposition ??, Â,T ∼=

∏
w∈Ω0

Â,Tw , if |Ω0| < ∞, then we can
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easily describe Spec(Â,T ) as follows. Let Ω0 = {w1, · · · , wn}. Then Spec(Â,T ) =
{Â,Tw1 ⊕· · ·⊕Â,Twi−1 ⊕Q⊕Â,Twi+1 ⊕· · ·⊕Â,Twn |Q ∈ Spec(Â,Twi ), i = 1, 2, · · · , n}.
Let Q ∈ Spec(Â,Twi )∗. Then Q = P̂ ,Twi for some P ∈ Spec(A)∗ such that P ∼
P (wi). By the definition of Ω0, P 6∼ P (wj) for all j 6= i, and so P̂ ,Twj = Â,Twj for all
j 6= i. Therefore, Â,Tw1 ⊕· · ·⊕ Â,Twi−1 ⊕Q⊕ Â,Twi+1 ⊕· · ·⊕ Â,Twn =

∏n
j=1 P̂

,Twj ∼=
P̂ ,T . Thus every nonminimal prime ideal of Â,T is of the form P̂ ,T , where P is a
nonzero prime ideal of A. However, for the case |Ω0| =∞, we have been unable to
describe Spec(Â,T ).

We could neither describe Spec(Â,T ) when A is an SFT Prüfer domain such that
J(Cα) = {0} for all Cα ∈ C, nor Spec(Â,Cα), and we do not know if Â,T is a Prüfer
ring.
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