Krull domain, power series ring, valuation domain

Xn]p—(0) is quasilocal and in this case D[X1,...

Xn]p—(0y is actually an n-dimensional regular local ring. We
also show that if D is an SFT Priifer domain, then D[{
Xa]]lp_m) is a Krull domain for any set of

indeterminates {X,}.
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ABSTRACT. We define an integral domain D to be anti-Archimedean if

Nooy a™D # 0 for each 0 # a € D. For example, a

valuation domain or SF'T Priifer domain is anti-Archimedean if and
only if it has no height-one prime ideals. A number of constructions and
stability results for anti-Archimedean domains are given. We show

that D is anti-Archimedean < D[X1,...

1. INTRODUCTION

Throughout this paper, D will denote an integral domain with quotient
field

An integral domain D is Archimedean if
N,~, d"D = 0 for each nonunit d of D. Examples of
Archimedean domains include domains satisfying the ascending chain
condition on principal ideals (ACCP), domains in which every nonunit is
contained in a height-one prime ideal, and domains which are completely
integrally closed. In this paper we will be concerned with integral domains
that are as far as possible from being Archimedean. We define D to
be anti-Archimedean if (2, d"D # 0
for each nonzero d € D. Perhaps the first example of an
anti-Archimedean domain that comes to mind is a valuation domain
with no height-one prime ideal.
Section 7?7 gives some basic results concerning
anti-Archimedean domains. For example, D is
anti-Archimedean < K is the complete integral
closure of D < each nonzero prime ideal of D contains a
bounded element. If D is anti-Archimedean, every nonzero prime
ideal of D has infinite height. While the converse is true for valuation
domains or SFT-Priifer domains, we remark that an example of Nakayama
shows that the converse is false even for Bezout domains.
We show that an integral domain that is an algebraic extension of an
anti-Archimedean domain is again anti-Archimedean. Also, an
ascending union or locally finite intersection of anti-Archimedean
domains is anti-Archimedean. Finally, D(X) is
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anti-Archimedean if and only if D is anti-Archimedean and

the integral closure D of D is Priifer.

In Section 7?7 we consider power series rings over

anti-Archimedean domains. We show that D is

anti-Archimedean if and only if D[{X,}

lip_( is quasilocal where {X,} is a

nonempty set of power series indeterminates (for the definition of the three
types of power series rings D[{X,}]; (

i=1,2,3)when{ X, } is infinite, see

G2). Perhaps the most interesting result of this paper is Theorem
Thm1.2 which states that if D is anti-Archimedean, then

D[Xy,..., Xu] p—(0) is an n-dimensional regular local

ring. As an immediate corollary, we get that for any set of indeterminates
{Xo}, D{Xa}

]]ID—(O) is a UFD when D is anti-Archimedean. Finally, we

show that if D is an SFT Priifer domain, D[{X,

lip_ (o is a Krull domain.

We follow standard notation and terminology from commutative ring theory,
see [?], [?], or [?]. Throughout D will denote an

integral domain with quotient field K. Spec(D) denotes the

set of prime ideals of D and Max(D) (resp., X1 (D))

denotes the set of maximal ideals of D (resp., height-one prime ideals of
D).WeuseD to denote the integral closure of D.

2. ANTI-ARCHIMEDEAN INTEGRAL DOMAINS

Let D be an integral domain with quotient field K. An element d € D
is Archimedean if (),—, d"D =0 and d

is non-Archimedean or bounded if d is not

Archimedean, that is, ()7, d"D #0. If d €

DisArchimedean, soissd foranyse D, but a factor of an
Archimedean element need not be Archimedean (for example,

let V be a two-dimensional valuation domain with prime ideals 0 C
PC M and consider sd where d € P — {0} and s €

M-P).ThesetB( D) ofboundedelementsofDiseasilyseentobea
saturated multiplicatively closed set.

The integral domain D is Archimedean if each nonunit of D

is Archimedean and D is anti-Archimedean if each

nonzero element of D is bounded. Note that D is both Archimedean
and anti-Archimedean if and only if D is a field. It is well-known
that if D satisfies ACCP or is completely integrally closed, then D is
Archimedean. A Bezout domain, or more generally a GCD domain, is
Archimedean if and only if it is completely integrally closed. If P

is a height-one prime ideal of an integral domain D, then

N, a"D =0 for each a € P ([?, Theorem 1] or

[?, Corollary 1.4]). For results concerning Archimedean

domains, see [?].

Proposition 2.1. If an integral domain D is anti-Archimedean, then
every nonzero prime ideal of D has infinite height (or



ANTI-ARCHIMEDEAN RINGS AND POWER SERIES RINGS

equivalently, D has no height-one prime ideals). For a valuation
domain, the converse is true.

Proof. Suppose that D is anti-Archimedean. If D contains a nonzero
prime ideal P with ht P < oo, then P contains a prime ideal
Py with ht Py = 1. But then by the remark in the previous
paragraph, (|, a"D = 0 for each a € Py. Let V
be a valuation domain with no height-one prime ideal and let 0 #a € V.
Then there is a prime ideal P with 0 #% P C aV and hence
PC Ny a™V.

Example 2.2. Nakayama [?] gave an example of a completely integrally
closed (and hence Archimedean) Bezout domain D with no rank-one
valuation domain overrings. Thus while D is not anti-Archimedean,
every valuation overring of D is anti-Archimedean. Also, D has
no nonzero prime ideals of finite height. Thus the converse of the first
statement of Proposition 7?7 does not hold and the second statement
cannot be extended to Bezout domains. Finally, note that each localization
Dp of D (P a prime ideal) is anti-Archimedean.

We next show that for a certain class of Priifer domains, the converse of
the first statement of Proposition 77 does hold. Recall

[?, 7,7, 7] that an ideal A of a ring R is called an

SFT-ideal

SFT-ideal provided there exists a finitely generated ideal B C A

and a natural number k so that a* € B for each a € A. Then R is
called an SFT-ring provided each ideal of R is an SFT-ideal.

Proposition 2.3. Let D be an SFT Prifer domain. Then D is
anti-Archimedean if and only if XV(D) = @.

Proof. Proposition 7?7 gives one direction. Conversely, let D be an SFT
Priifer domain with X(*)(D) = @. Let a be a nonzero
nonunit of D. Then /(a) = Q1 N--- N Qy, where {
Q1,...,Qm is the finite ([?, Corollary 2.6]) set of
prime ideals minimal over (a). Since X(1)(D) = @, there is a
nonzero prime ideal P; with P; C (2,

QP. Since for some natural number k, we have (Q1 N ...
QO)k g (a)’ nzozl(Ql n---N
Qu)™ = M2, (a"). Since Q; and Q; (i #
j)areco — mazimal [, (a™) = o,
QNN @m)" =, (@7 N
.NRE) 2P N---NP, #0.

Proposition 2.4. An integral domain D with quotient field K is
anti-Archimedean if and only if K is the complete integral closure
of D.

Proof. Note that for 0 # d € D, é is almost integral over D
< No_,d"D #0. Thus D is
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anti-Archimedean < each 2 (0% d € D
) is almost integral over D < K is the complete
integral closure of D.

It immediately follows from Proposition 7?7 that an overring of an
anti-Archimedean domain is anti-Archimedean. However, the

next proposition gives a stronger result. Note that the integral domain
D[X] isneveranti — Archimedean.

Proposition 2.5. Let D C S be an extension of integral domains with S
algebraic over D. If D is anti-Archimedean, then so is S.

Proof. Let 0 # s € S. Since D C S is algebraic, sS N D # 0. Let
0#resSND. Then 0# ()o—, "D C

MNnzy 8™S.

If the pair of domains D C S are close enough together, we can
descend.

Proposition 2.6. Let D C S be a pair of integral domains with
[D:S]# 0. Then D is anti-Archimedean if and only if S is
anti-Archimedean.

Proof. If D is anti-Archimedean, so is its overring S by Proposition
?7?. Conversely, suppose that S is anti-Archimedean. Let
0# d € D and choose 0 # dy € D with dyS C D. Then
0+ ((ddo)™S C N d"D.
O

Example 2.7. Let (V, M) be a valuation domain of the form V =K + M (K a
field) where XM (V) = @. Let Dy be a subring of K;
then D = Dy + M is anti-Archimedean since [D : V] = M. By choosing
Dy to be (non-)quasilocal we get (non-)quasilocal
anti-Archimedean domains. By choosing Dy to be (non-)integrally
closed in K, we get D to be (non-)integrally closed. Finally, with an
appropriate choice of Dy we can make D Priifer or non-Priifer.

Proposition 2.8. Let D be an integral domain. Then the following statements
are equivalent: (1)
Disanti — Archimedean,
) every nonzero prime ideal of D contains a bounded
element, (2) every
(nonzero) prime ideal of D is an
anti-Archimedean ring, and
)3
) every maximal ideal of D is an
anti-Archimedean ring.

Proof. (2?) = (?7). Clear. (2?)

= (7?). Let B be the set of bounded elements of
D; soBisasaturatedmultiplicativelyclosedsubseto fD.Suppose
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there exists 0 # d € D — B. Then (d) N B = @, so (d)
can be enlarged to a prime ideal P with PN B =g, a
contradiction. Thus D is anti-Archimedean. (?7)

= (77?). Let P be a nonzero prime ideal of D and

let 0 # p € P. By hypothesis, (,—, p"D # 0. But
Mozt P"7HD € 2, PP, s0

Pisanti — Archimedean.(??)= (

Prol.8(4)). Clear. (??) = (?7). Let

0#deD. Weneed ), d"D # 0. We can assume

d isanonunit, sode M for some maximal ideal M. Then 0 #
ML, d"M € 2, dD.

Corollary 2.9. Let Dy and D5 be integral domains which are subrings
of a field K. Suppose that D1 and Dy have the same set of
mazimal ideals. Then Dy is anti-Archimedean if and only if
Dy is anti-Archimedean.

For examples of integral domains with the same set of maximal ideals, see
[?]. We end this section with four more ways to construct new
anti-Archimedean domains from old ones.

Proposition 2.10. Let K be a field and let {D,} be
a directed system of subrings of K each of which is
anti-Archimedean. Then D =], Dy is
anti- Archimedean.

Proof. Let K, be the quotient field of D,. Then
Ko = U, Ka is the quotient field of D. We use
Proposition ??7. Now each D, C K, is
almost integral. Thus D = J, Do C
U, Ko = Ko is almost integral. So D is
anti-Archimedean.

Proposition 2.11. Let D be an anti-Archimedean domain with quotient
field K. Let k be a subfield of K with the property that dD Nk #
0 foreach0# d € D. Then DNk is an anti-Archimedean
domain with quotient field k.

Proof. Again we use Proposition ?7?. Let « € k. Then there is a 0 #
de D with dz™ € D for every n > 1. Now by hypothesis, there is a
0+# do € dDNk. Then dyz™ € D Nk for each n > 1.

This shows that k is the quotient field of D Nk and that & is
almost integral over D Nk. Thus D Nk is anti-Archimedean.

Example 2.12. (An anti-Archimedean valuation domain W with W' N
knotanti — Archimedean.) Let(V,M)beavaluationdomainwithset
of prime ideals M =Py D P, D2 P, D ---
where (7, P, =0 and V /M = Q, the
rational numbers. So V' is anti-Archimedean. Let ¢:
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V— V /M = Q be the natural map and let W = ¢~1(

Z(p)) where p > 0 is prime. Then W is a valuation domain with
maximal ideal M’, W /M = 7Z,, and

W,/ M' =7,/pZ. Sopis a

nonunit in W. Thus WNQ = Z,). So W is

anti-Archimedean while W N Q is not

anti-Archimedean.

Proposition 2.13. Let D be an integral domain with quotient field K and let
{Du} be a collection of overrings of D so that
D=, D, is locally finite. Then D is
anti-Archimedean if and only if each D, is
anti-Archimedean.

Proof. Certainly if D is anti-Archimedean, so is each overring D,
.Conversely, supposethateachD,, is anti-Archimedean.
Let 0 # d € D. Then d is a unit in each D, say, except for
some oy, ..., a,. Then each )7,
d"D,, # 0, so there is a 0 # d; € D,
with d; D, C (,—; d"Dq
i- By suitable multiplication by an element of D, we can assume that
each 0 #d; € D. Put d, =1 for a # «
1,-++,0pn. Then N2

n=1
d”DOO: Moy d™(Ng Da)
:ﬂn=1(ooa d"D,,)
:ﬂa(mn=1 anOé) 2
N daDa 2 dy---dyD # 0.

Remark 2.14. Example ?? shows that Proposition 7?7 may
fail if the intersection is not locally finite.

For our last result of this section, recall that for a domain D, D(X)
={f/g | f,g € D[X], the coefficients of g generate D}.

Theorem 2.15. Let D be an integral domain. Then D(X) is
anti-Archimedean if and only if D is anti-Archimedean and
the integral closure D of D is a Prifer domain.

Proof. (=) Suppose that D(X) is anti-Archimedean. Let 0 #
de D. Then (N2, d"D)D(X) =,
d"D(X) # 0, s0 (,—, d"D # 0. Thus D is
anti-Archimedean. Recall that D is a Priifer domain if
and only if every nonzero prime ideal @ of D(X) is extended from D (
[?, Theorem 19.15] and [?, Lemma 4.2]). Let P = Q N R.

Suppose @ # P(X). Choose f € QN D[X] — P[X]. By [?, Theorem A]
there exists a prime ideal Qg of D[X] with f € Qo C QN
D[X]andQoN D =0. So ht Qg = 1 and hence ht

QoD(X) = 1. But this contradicts the hypothesis that D(X) is
anti-Archimedean.

(<) Let D be a Priifer domain; so every prime ideal

of D(X) is extended from D. Let @ be a nonzero prime ideal of D(X)
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,50Q=P( X) whereP=QND. Let 0 # d € P. Since D is
anti-Archimedean, 0 # (2, d"D C

N, d"D(X). Thus @ contains a bounded element. By
Proposition ??, D(X) is anti-Archimedean.

3. POWER SERIES RINGS

Let D be an integral domain with quotient field K. While the polynomial
Tng

.D[Xl, . 7Xn]D—(O) = K[Xl, N ,Xn] 8
reasonably well understood, the same cannot be said for D[Xy,. ..
Xnlp—(0). Arnold [?, Lemma 3.5 and Proposition 4.5] showed
that D[X1,..., Xn]p—(0) is an n-dimensional Noetherian
Krull domain if D is a finite-dimensional SFT Prifer domain. Motivated
by this, Kang and Park [?, Theorem 1.5] proved that if V is a
valuation domain with XM (V) = @, then V[X1,...
Xnlv—(0) is an n-dimensional (Noetherian) reqular local ring.
It is shown [?, Lemma 1.2] that V[X]y_) = U
{Vp[X] | P is a nonzero prime ideal of V} = K[X]NL
where L is the quotient field of V[X]. We remark that while it is
possible to have V[ X]y_y = K[X] ([?, Example]), there
do exist anti-Archimedean valuation domains that do not satisfy this
equality.
Using a different approach we will generalize Arnold’s result to an
infinite-dimensional SFT Prifer domain D. Namely we prove that the
ring D[{Xa}]1,_, i a Krull domain
for any set of indeterminates {X,} if D is an
SET Priifer domain. The proof divides into two parts. First, we work on
the case where X(D) = @. We show that if D is an
anti-Archimedean domain, then D[X1, ..., Xn]p—(0)
s an n-dimensional reqular local ring. It then easily follows that if D
is anti-Archimedean, then D[{X,}
o i a UFD. This handles the case for an SFT
Priifer domain D with X (D) = @ since by Proposition
?? such a domain is anti-Archimedean. Next, given an SF'T
Prifer domain D, we decompose D into D = D1 N Dy where
Dy and Dy are overrings of D with X(l)(Dl) =g
and every maximal ideal of Dy contains a height-one prime ideal.
Although Arnold’s result is stated and proved for a finite-dimensional SFT
Priifer domain, a careful reading of the proof shows that it is also
valid for an SFT Prifer domain whose every mazimal ideal contains a
height-one prime ideal, namely for Ds.
We first note that D[{Xa}]i,_, 45
quasilocal if and only if D is anti-Archimedean.

Lemma 3.1. Let D be an integral domain and {X,}
anonemptyseto findeterminatesover D.ThenDJ[{ X,
lip_ (fori=1,2, or3) is
quasilocal if and only if D is anti-Archimedean. In this case,
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Mp_ () is the unique mazimal ideal of D[{ X}
ﬂipf(ow where M = {f € D[{X.}
Ji | f has no constant term.
Proof. (=) Suppose that D[{X,}
lip_( is quasilocal. Then ({X,}
)D—(0) is contained in the maximal ideal of D[{X,
ip_(oy- Thus for 0.7& a €D,
Xam gives that 1—

Xo7 is a unit in D[{X,

]]ipf(oy Hence 1 + % +
X,

*a~TeD[{Xa}

Jip_ (o, Hence there exists 0 # r € D with r (*

a™ € D for eachn > 1, or equivalently, 0 # r €

No—, a™D. (<) Suppose that D is
anti-Archimedean. We show that Mp_ oy is the unique mazimal
ideal of D[{Xa}ip_ - Let f €

D X.}]i — M and put f = a+ g where 0 #

a€ D and g € M. Let f=1 be the inverse of f in D[%
JKXa} i Since N,

a"D # 0, there exists 0 # r € D with r (ai

€ D for eachn > 1 and hence rf~! € D[{

Xa]]i- So f71 € D[[{Xa

lip_, and thus f is a unit in D[{

allip—(oy-

Lemma 3.2. Let D be an anti-Archimedean integral domain. Let @
be an ideal of D[X1,...,X,] with @ N D = 0. Then there
exists a nonzero v € D and q1,...,q € Q such that

’UQg (qla"'7ql)D[[Xla'~-7Xn]]-

Proof. For brevity of notation, we write D[X,,] for D[Xq,...
,Xp] for each n > 1 and X for X,,. We will prove the Lemma
by induction on the number of variables n. We will deal with the case n =1
later. Suppose the Lemma holds for n — 1. Let @ be a prime ideal of
D[X,] such that @ N D = (0). First we show that @ satisfies (
?7?). We regard the elements of @) as power series over
D[X,,-1] in X,, and define Z(Q) to be the ideal of
D[X,,—1] generated by the constant terms of Q. If X € @, then
Q=Qp + (X) for a prime ideal Qg of D[X,,_1] such that
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Qo N D = (0). In this case, clearly @ satisfies (??). Now
assume that X ¢ Q. Let f* € Q and f* = X™(fo(Xq,...
Xn-1) + filXa, .., Xno) X 4o+ fil X, .
Xn—1)X*+--+), where m > 0 and fy # 0. Put

f="2, fiX". Since X ¢ Q, f € Q. By Lemma

Lem2.1, @ C (Xy,...,X,),s0 Z(Q) N D = (0).

Note that Z(Q) € D[X,—1]. By induction

hypothesis (?7?), there exists 0 # v € D and ¢, . ..

,di0 € Z(Q) such that v(Z(Q)) C

((hOa teey qu)D[[Xn—l]]- Let q1, - e q € Q be

such that ¢; = gio + >_j, ¢i; X7, where g;; €

D[X,—1] fori=1,...,l and j > 1. Now vfo(Xq,...
Xn—1) = quoh11 + - - - + qoh1, where hiy, ... hy €
D[X,-1]. So fo = L [qioh11 + ...

+qioh1;. Then

1:=f—tlghu + -+ qhy] € D]

—c =S

Xon]

and

$1]x,=0 = flxn=0 — L [q1h11 + ...
+qihux,=o

=fo — 2 [qioh11 + -+ - + qoh1u] = 0.

So X|¢ in D[%][[Xn]] Write ¢

1=X"p1, 11 > 1, ¢1 € D[L

1IX,], and X { ¢; in D[%][Xn]]

Now f =1 [gihi1+ -+ qh]

+X . Since vXh ) € Q, vy

1 € D[X,,] and X ¢ Q, we have vp; € Q.
Applying the same argument to vy as to f, we obtain the
expression vpr = L [q1hoy + ...

+aihar + X2 o, where Iy > 1,

h21, ey hoy € D[[Xn_l]], VY9 € D[[Xn]]

, and X { vy in D[X,,]. Plugging this into f, we
get

f=1 v[grhii+4qhul+Xe
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:1U[qlh11+'“+thh11]+xll[
1 v2[qrho1++qiha]+1
v X1tz p,,

Proceeding this way, we get, for all j > 1,

f Z’L 11)1 [lh i1+ +qlhzl]
X+t 1+ 1 Xl1+ +le0

where hi, € D[Xp—1] for all i,k, I; > 1 for all

i=1, ... j,andvp; € D[X,]. When i =1, the sum

li 4+ -+ 1;_1 is taken to be zero. Letting j — oo,

we obtain f =321 L (gha + ...

+qhy Xt Since Mg,

(v") # 0, there ezists a nonzero w € (o, (v")

. Since wD[X] C D, the element % =: w; €

Dfori> 1. Now wf = q1(> 0, wihiy X1+

i)+ a2 wihg X0

+li—1) € (q1,...,q)D[X,]. Since 0 #w € D,

q1,---,q € Q, and w does not depend on the particular element
fof Q, (??)issatis fiedf orallprimeideals.

Let S ={J | J is an ideal of D[X,], JN D = (0),

and J does not satisfy

We claim that

S=0. Suppose S # &. Let

{Ja} be a chain in S and

J={J,, Ja. Then J does not satisfy (??).

For otherwise, there exist q1,...,q; € J and 0 #v € D such
that vJ C (q1,.-.,q). Choose J, so that

(q¢1,---sq1) € Jo. Then vJ, C

(q1,---,q), a contradiction. Thus J € S. By Zorn’s
Lemma, there exists a mazimal element of S, say Q. We may
assume that Q°° := Qp_(0y N D[X,] = Q. For otherwise
QC Q°° and there exist q1,...,q € Q°° and 0 #

vE€ D such that vQ® C (q1,...,q). Choose 0 #

v € D such that v'qqy,...,v'q € Q.

Then v'v@Q C V' (q1,...,q) = (v/

q,..-,v'q), a contradiction. We claim that Q is a

prime ideal. Suppose not and let f € D[X,]\Q, g €

DX, ]\Q, and fg € Q. Either (Q, f)ND = (0) or
(Q.9)1D = (0). For otherwise (0) # [(Q, £)(@>9)] "

DC QnND. Say (Q, f) N D = (0). By the mazimality of Q,

(7?)}.
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(Q.f)E S. So (Q, f) satisfies (7). Let 0 #

ve D and ay,...,a; € (Q, f) such that v(Q, f) C
(a1,...,a;)D[X,]. Sov(Q,f) C (a,...

,a))D[X,]. Putar=qi+t1f,...,a1 =q +tf,

where q1,...,q € Q and ty,...,¢ € D[X,].

Since v(Q, ) C (q1,---,q, [)D[X,] and

Q-5 q € Q, it is straightforward that v(Q, f) C
(1, q) + f(Q: f), where (Q : f) is the ideal {h | h €
D[X,] and hf € Q. We claim that (Q : f) N D = (0)

. Suppose not and let 0 #w;y € (Q: f)ND. Nowwif € Q. Then
fe Qp_0) N D[X,] = Q, contrary to f ¢ Q. By the
mazimality of Q, (Q : f) satisfies (7). Let 0 #w € D, and
hi,... hm € (Q : f) be such that w(Q : f) C (hq,...

) D[X,]. Now

wQC vw(Q, f) =wv(Q, )] Cw|(q,...
)+ F(Q:f)

Cw(gr,.-.,q) + flw(@: f)] C
w(qr, -, q) + f(h1, ..., hm)D[X,]

g (q17'"7ql7fh17"'7fhm)D[[X’ﬂ]]'

Note that fhy,..., fhm € Q. This contradicts that Q ¢

S.Hence Qisaprimeideal, whichcontradictsthealready

established fact that all the prime ideals of D[X,] satisfy (

eq.Star). Therefore S = @ and we conclude that every

ideal of D[X,] satisfies (?7).

Now we prove the case n = 1. Every element f € D[X] is of the form
f=X"(ap +a1 X +--+), ap # 0. Since (X)p_(o) is the

mazimal ideal of D[X]p_(), a0 +a1X 4 --- is a unit of
D[X]p—(0). So the set of nonzero ideals of D[X]p_(o) is

precisely {X'D[X]p_(0) | i =1,2,...}. Thus

D[X]p—(0) is a Noetherian ring and (X)p_ o) is the unique
nonzero prime ideal of D[X]p_(p). So Q = (X) is the unique prime
ideal of D[X] such that @ N D = (0). Clearly Q satisfies (

eq.Star) and hence the conclusion that every ideal J of D[X]

such that J N D = (0) satisfies (77) follows from the earlier
argument.

Theorem 3.3. Let D be an anti-Archimedean integral
domain. Then D[X1,...,X,]p_(0) is an n-dimensional
regular local Ting.

Proof. By Lemmas ?? and ??, D[X1,...,X,]p_ (0
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isaNoetherianlocalringwiththemazximalideal (X1, . . .
aXn)Df(O)- Since ht(Xl, . aXn)Df(O) >n, it

follows that ht(X1,..., X,)p—() = n. Hence
D[Xy,..., Xu]p—(0) is a regular ring

AM.

Corollary 3.4. Let D be an anti-Archimedean domain. Then for any
set of indeterminates {X,}, D[{
Xa]]lD_(o) is a UFD.

Proof. Let @ be a nonzero prime ideal of D[{X,}
lip (o, and let 0 # f € Q. Since f involves only finitely
many indeterminates, say, X1, ..., X,, we have 0 # f € Q'
:QHD[[Xl, . 7Xn]]D—(O)~ Since D[[Xl, ‘e
Xn]p—(0) is a regular local ring and hence a UFD, there is a
prime element ¢ € Q’. Tt suffices to check that ¢ remains
prime as an element of D[{Xa}]1,_
. For then @ contains a nonzero principal prime and thus by
[?, Theorem 5] D[{Xa}[1,_ is
a UFD. Suppose that ¢|f; fo in D[{X,}
15~ We can enlarge the set {Xi,...
X, to a subset {X1,..., X,,} of
{Xa} so that g, f1, fo € D[ X7, ...
Xl p—(0y and ¢q| f1fo in D[X1,. ..
Xl p—(0)- It suffices to show that ¢ is prime in
D[Xy1,..., Xm]p—(0)- And since D[X1,...
Xl p—(0) is a UFD, we only need show that ¢ is irreducible in
D[X1,..., Xm]p—(0). Suppose that ¢ = hihs in
D[X1,..., Xm]p—(0)- Then g = q(Xy,..., X5) = q(
Xiyoo s Xy, Xog1y oo, X)) = q(X1, ..., X5,0,...,0)
=hy (X1, ..., X0, 0,0, 0)ha(X1,- .., Xn,0,...,0)
Sosayhy (X, ..., X,,0,...,0) is a unit in
D[Xy, ..., Xu]p_(0)- Thus 1 (0,...,0,0,...,0)
# 0 in D and hence hy is a unit in D[X7q,. ..
7XmHD—(O)'

Lemma 3.5. Let D be an SFT Priifer domain. Let @ #
A C Spec(D) — {0} and put
Do = mQEA Dq.
4)(
1) Suppose that no P €
A contains a height-one prime ideal. Then no prime ideal of Dg
contains a height-one prime ideal.
)(2
) Suppose that each P € A contains a height-one
prime ideal. Then each nonzero prime ideal of Dy contains a height-one
prime ideal.

Proof. Let M be a nonzero prime ideal of Dy. By [?, Theorem 26.1]



ANTI-ARCHIMEDEAN RINGS AND POWER SERIES RINGS

M=PD, for some prime ideal P (namely P = M N D) of D and
Dp ;) DO = ﬂQGA DQ But by

[?, Exercise 16, page 332], Dp 2 ﬂQeA

Dg ¢ each finitely generated ideal I contained in P

is contained in some @ € A (depending on I). Since D is an

SFT-ring, P = \/(a,...,a,) for some ay,...,a, € P

. Then (ai,...,a,) C Q' for some Q' €

A and hence P = y/(a1,...,a,) C Q. (

?7?) Let M be a nonzero prime ideal of Dy with the

notation as above. If M contains a height-one prime ideal Py, then
PoNDCMND=PCQ €A and

Py N D is a height-one prime ideal contained in @Q’, a
contradiction. (??) Again, let M be a nonzero prime ideal of
Do with the notation as above. Now M = PDg where P C

Q' € A and by hypothesis Q' contains a

height-one prime ideal Py. Since the prime ideals contained in
Q' are totally ordered, Py C P. Then

PoDy € PDy = M and PyDy is a height-one prime ideal

of Do.

Theorem 3.6. Let D be an SFT Priifer domain. Then D = D1 N Dy
where D1 and Dy are overrings of D (necessarily SFT
Priifer domains) such that X")(D1) = @ and
every nonzero prime ideal of Dy contains a height-one prime ideal.

Proof. Let A1 be the set of maximal ideals of D that contain no
height-one prime ideals and let As be the set of maximal ideals
of D that do contain a height-one prime ideal. Put D; = ¢
A;Dg. Now Max(D) = A;UA
, 80 D = Dy N Dy. Moreover, by [?, Proposition 2.4] each
D; is an SFT Priifer domain. By Lemma 77, X()(

D;) = @ and every nonzero prime ideal of Dy contains a
height-one prime ideal.

Theorem 3.7. Let D be an SET Prifer domain. Then D[{
Xa]]lDf(o) 18 a Krull domain for any set of
indeterminates {X4}.

Proof. Write D = D1 N Dy as in Theorem ?7?. Since D; is an
SFT Priifer domain with X")(D;) = @, by Proposition
Prol.3, D; is anti-Archimedean and hence by Corollary
Cor2.4 D1 [[{Xa }]]1D17<0) is a
UFD. Now Ds is an SFT Priifer domain such that every maximal ideal
of Dy contains a height-one prime ideal. Now [?, Lemma 3.5] shows
that D[ X1,...,Xn]p,—(0) is a Noetherian Krull
domain in the case where dim Dy < oo (for by the second paragraph
of page 304 of [?], J, is a Krull domain and hence so is
J :DQ[[X17...7XnI|D27(0)). But a

Dy —(0)
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careful reading of the proof of [?, Lemma 3.5], and the material in
Section 3 preceding it, shows that we only need D5 to be an SFT
Priifer domain in which every maximal ideal contains a height-one prime
ideal. Thus Do[X1,. .., Xn]p,—(0) is @ Noetherian

Krull domain. We next observe that Do[{X,}

l1p,_ 0 is actually a Krull domain for any set {

Xaacn of indeterminates. We extend

Arnold’s method to an arbitrary set of indeterminates as follows. The
integral domain J defined in [?, page 902] is a Dedekind domain
(even when dim Dy = 00) and thus J[{X,}

J1 is a Krull domain. For A’ C A, let

K+ be the quotient field of Dy,

=Do[{ X |a €A}

Ji and Jp = J[{Xa | @

€ A']y N K. Thus by

Arnold’s work (extended to the case dim Dy = 00) we have (J
F)p,—0) = D2[{Xa | a €

F]p,— (o) for each finite subset F

C A. Now Do[{X,}

Iio, 0 =

FCA |F| <
[ee]
DQII{X(X | [ RS .7:}
Ip.-0) =

ng | 7| <
OO(J}'

)2—0) = (U

]—"gA

F| < OOJ]:)Dz,(O) = (JA

which is a Krull domain since J, is a Krull

domain. Note that D;[{X,}

]]ID—(O) = DiH{Xa}]]lDi—(O)'

Hence D[{Xo}1,_ = Dil{

Xa]]lzp(o) N D2[[{X0t

]]107(0) - Dl[[{Xa}

]]1D1—(0) N D, [[{XOC}

[15,_ is the intersection of two Krull domains and hence is

a Krull domain.
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