
Algebra Qualifying Exam (4 hours)

January 24, 2019

PART I (Solve all problems)

1. (10 points) Let p be the smallest prime which divides the order of a finite group G. Show

that every subgroup H of G of index p is normal in G.

2. (15 points) Answer the following questions.

(a) List all distinct abelian groups of order 72, up to isomorphisms.

(b) Let G be the cokernel of f : Z3 → Z3 given by

f(a, b, c) = (2a− 2c, a+ 4b− c, 3a+ b+ 6c).

Show that G has order 72, and find a group isomorphic to G in your list in (a).

3. (15 points) Suppose X is a set and F is a field. Let R be the ring of all functions X → F

with pointwise operations. For s ∈ X, define I := {f ∈ R : f(s) = 0}.

(a) Prove that I is a maximal ideal of R.

(b) For s, t ∈ X, define J := {f ∈ R : f(s) = f(t) = 0}. If t 6= s, then decide whether J

is a prime ideal or not.

4. (10 points) Consider the extension Q(u) of Q generated by a real root u of x3−6x2+9x+3.

Express 3u+1
u2+1

in the form a+ bu+ cu2 where a, b, c are rational numbers.

5. (10 points) Find an irreducible polynomial f(x) ∈ Q[x] such that the Galois group of the

splitting field of f(x) over Q is isomorphic to the dihedral group D4 with 8 elements. You

need to prove your assertion.

6. (10 points) If β is algebraic over F (α) and β is transcendental over F then prove or

disprove that α is algebraic over F (β).
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PART II (Solve your choices up to 30 points)
채점방식: 각 소문제를 채점하여 상위 두 문제 점수를 합산함

7. (15 points) Let G be the group given by the presentation

G = 〈x, y | xyx−4y2x3y−3〉.

Prove that the element represented by the word xy2x has infinite order in G.

8. (15 points) Prove or disprove: Let n be a positive integer.

(a) There is an irreducible polynomial of degree n over the field of rational numbers Q.

(b) There is an irreducible polynomial of degree n over the finite field Fq.

9. (15 points) Let R and S be rings with unity, which are not necessarily commutative.

(a) Fix two left R-modules A and B which are free of finite rank. Describe a bijective

correspondence between module homomorphisms A → B and matrices with entries

in R, with a proof.

(b) Suppose A is a left R-module and B is an (R,S)-bimodule. Describe the natural

S-module structure on HomR(A,B), with a proof.

10. (15 points) Consider the associative algebra M2(k) of 2× 2 matrices over a field k. An

idempotent in an associative algebra is defined to be an element e such that e2 = e.

(a) Show that an idempotent e ∈M2(k) different from 0 and 1 is conjugate to

(
1 0
0 0

)
by an element of GL2(k).

(b) Find the stabilizer in GL2(k) of e1 under the conjugation action.

(c) When k = Fp is the prime field with p elements, compute the number of idempotents

in M2(k).

The End
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